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PREFACE 

This book was to me et Ith e rcquj^i'cmcnts of tlic 

B.A. and B.Sc. studcf^ts of IndJihi Omversitie^. Its favoura¬ 
ble reception indicates that there was a VeSl need for such a 
book.^ The treatment of the subject is in keeping with the 
principles of modern analysis, but is at the same time simple. 
In dealing with conv'ergence special care has jbeen taken to 
make the presentation intelligible to the average student 
without sacrificing much rigour. 

In the present edition the portion on Theory of Equa¬ 
tions has been completely rewritten. The former single 
chaptei on the subject has been broken up into four chapters 
and considerable additions have been made in the articles as 
well as the examples. 

The book contains just a little more than the usual course, 
and no hesitation should be felt in omitting some of the 
articles. The examples arc ample in number, and are well 
graded. Of these some are original, many have been taken 
I'rom the examination papers of various universities and the 
others are such as arc common to practically all text-books on 
the subject. Reference in a problem to some university is 
not meant to indicate the source of the problem, but merely to 
indicate the type of questions asked in the various universities. 

I am greatly indebted to my father late Dr. Gorakh 
Prasad, who went through the whole manuscript of the origi¬ 
nal book as well as the additional chapters on Theoiy "of 
Equations in the present edition, and offered valuable criti¬ 
cism and suggestions. My thanks are also due to Mr. R.N. 
Ghaudhuri, B.A. (Cantab.), and to Dr. U. N. Singh, 

ml ^* '* ^°*^ suggestions; to Dr. H. C. Gupta, 

Ph. D., for verifying most of the answers; and to Mi\ Jngat 
rSarain, M. Sc., for verifying the remaining answ’ers. 


University of Roorkee 
June, 1961 


Ghandrika Prasad 
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ALGEBRA 

CHAPTOR I 

BINOMIAL THEOREM 

1*1. Product of Binomial Factors, The 

Binomial Theorem is one of the most impoitant 
theorems in algebra It gives the expansion ot 

where n is any number whate\'er. The 
theorem wiU be proved here for rational 
only. We shall first find the expansion of (x-l-zz) 
when w is a positive integer, and then deduce the 
result w'hen n is fractional or ncgati\c. 

Consider tlie following products : 

(a^b)(p-\(]).=ap-^raq-\-bp\bq, 

{a-\-b) (p ^apx-\-agx-\-bpx-'rbqx 

^-apy-raqy -bpy + bqy, etc. 

We see that the continued product ot any 
number of factors of the form a \-b is equal to the 
sum of all the products which can be formed by 
choosing one term from each factor and multiply¬ 
ing out This result will be used to obtain the 

expansion of (x-j-a)". 

1-2. Biuomial Theorem: Positive Integral 

Index. To find tlu expansion of when n is a 

positive 'ntegeT. 

Wh n n is a positive integer 

(*+a)" = (x+a)(x+a)(Ar i «)... to n factors. 
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I he value of tliis cxpi'cssion is obtained by choos¬ 
ing one term from each factor, multiplying out, 
and adding all the products so formed. 

Let us choose the term .v from each factor. 
Then the product formed is a:”. Next choose the 
term a from one of the factors and x from the 
remaining factors. Then the product formed is 
As a can be chosen from each one of the 
n factors in turn, the number of such products in 
the expansion of is n and their sum is 

Again, ^\■e can choose a from any tt\o of die 
factors and x from the remaining k— 2 factors 
and get the product Since this can be 

done in '*C« ^^ays, the sum of such products is 

In general, \^•e can choose a from any r factors 
and X from the remaining n—r lactoi-s, getting die 
product This can be done in ways. So 

ivill be repeated "C,. times. 


Therefore the expansion for (.ris 
Substituting i)i it die values of "Cj, "Cg, ... wc get 


’^“1 ~ ^) -.n-9.-g 

2 ! 


(x-:-a)"=x^ : nx‘ 'a , —^x- -a 


I • • 


n(n-l)(n-2)...(n-r-i 1) , 


rT 


I ••• * » 


This is the Bhinmial ^Theorem for a positive in- 
togi'al index 
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Ex. Expand (2— 

(2 -S**) * = (2) ‘+4(2) “(-^ (2) ^(- •- 

= 16-48x^ + 54x*-27.v«-f|jA8. 

1*21. Pi-operties of the Bmomial Expansion, (i; 

The expansion of (a:- r«)" contains «'|-1 terms. T he (r-j-1) ih 
term is 

This is usually called the general term. 

(ii) In the expansion of (jt-l-a)" the terms and 

are equidistant from the beginning and the end. 
For is preceded by r terms and followed by n — r 

terms, while is preceded by n — r terms and 

followed by r terms. Also 

Therefore, the coefficients of terms equidistant lion^ ilie 
beginning and the end are equal. 

(iii) If n is even, the number ol terms is odd, and there 
is one middle term. If n is odd, the number of terms is even 
and there arc two middle terms. 

(iv) By writing —a for a, wc get 

{x—a)^ a + "C'gx”-*... 4- ( — 1)’“a"- 

It should be noticed that here the terms arc ^dtcrnatcly 
positive and negative. 

(v) By writing (ad-ar)" instead of (.v4 a)", wc get 

(a -{-x )" =a”+"Ci a'’ 4-... -f a". 
Putting <z = l in this, we get 

(1 + a) " = 14-"CiA-h "C'aAM--. - + "C,A>-4-. - - 4- 

n(n-l).. (n-r + 1) 

' r! 


i.e., 
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We shall consider this as the standard form of the Bino¬ 
mial Theorem. This form is simpler, and will be found 
useful later on. Since 

the expansion of (a-l-x)”can be always deduced from (!)• 
Ex. 1. Find the middle term in the expansion of 



The number of terms is 11; so the middle term is the 
6th. Hence the middle term=*®C5(fl/x)‘'(x/a)‘'=252. 

Ex. 2. Find the coclBcientof a® in the expansion of 
Since (.v-l/.vj’-A-^(I 

the coefficient of.v* in (.v —l/.v)’is the same as the coefficient 
of.v"* in (1—.v“2)’. Hence the required coefficient 


1*22. Binomial Coefficients. The coeffi¬ 
cients in the expansion of (1 +^)", when n is a 
positive integer, are knONvn as binomial coefficients. 
They arc generally denoted by Cq, Cj, fo, ■fn* Thus 
and 


(l-}-.x-)"=ro -rCjX-l c^ 


--V 


.n 



(i) To find the sum of the binomial coefficients. 
Put in (1); then 


^0 


\_r — 9 ’» 

. — - 


(ii) The sum of the odd coefficients is equal to the sum 
of the even coefficients in the binomial expansion. 

PutA;-——1 in (l);then 

^0 r ^2 ^3 '’^4 ^5 

i.C., 




examples 
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Ex. Show that + 3 c3A"“1'...‘ 

and deduce the value of + *■• • 

AVe have ^ 

=„|i + („^i),v+ C-irilCp:!) 

T'iiusCi-f2fa;¥ + 3c3Je24-,..-| « (1 (1) 

Again, putting Ifx for x in this, we get 


^1 + 


2c. 


+ -^ ■ xJ • 


( 2 ) 


Multiplying (1) and (2),and collecting, on the left-hand 
side, the terms free from .r, wc get 

ri--i-22r2* + 3V3=-i-...-f«V- (3) 

But the product of the right-hand sides is 

«2(1 4-l /-v)"-> = («V-t"-^)(l -1 

and the term free from .v in it is 

'-c., «*- (2«-2) !/(h — 1) !(«-!)! 

This, therefore, must be the value of (3). 


Examples 

Expand the following expressions : 

1. (3x-2j)^ 2. (x^hx)^. 

3. (|a--3/2x)«. (1 +2.v-a.-s)^ 

5. Simplify ('v/2 + 0‘'-(V'2-l)®- 

6. Find the 3rd term of (2.r — i)®. 

7. Find the 13th term of (9x--i|3^/xy^. 

8. Find the middle term of (^a-|-9A)®. 

9. Kind the two middle terms of —l/.v»)”. 

10. Find the coefficient of a® in {x + Za/x^}^^. 

11. Find die term independent of X in (§a*-1/3x)®. 
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12. fo i'3fi''r5f2-i-... f(2« + l)Cn = («-!-02”. 

,3 -?^''=^''-*T'. 

Ij- -fo'. 2 ^ 3 ' 4 ^ "■ ‘ n-r\ «-rl 

14. fj'- l 2iv-; 3c,---i-...-; h<-„= = (2«-1} !/{(«-1) !}“• 

15. c„c^ rCjCt - CjCj : ...-• rn-i‘^n = (2") '■/(« + >) !("-•) ■ 

1'3. Binomial Series. When n is a positive integer 
the series 

1 (1) 

tcnniniUcs after n \ I terms and is the expansion of 
UutwlicnHisnotapositivcinlcger the series does not teimi- 
natc and every term is succeeded by another term. In fact, 
we have here wliat is ki>OM'n as an infinite series. An 
example is 

, 1.3 o . . / ,x J.3.5...(2r —1) _ , 

t' 1) 2.4.6...2r ■ 


obtained by putting «— — I in (1). 

Infinite series do not always have a meaning; and the 
iilgcbraical operations of addition and multiplication cannot 
always be performed upon them. In order that an infinite 
scries may have a meaning it must have a definite sum; that 
is, if M'c add up the first r terms, the resulting sum must 
approach a definite value as r increases. 

In this sense the geometric series 1-r^+ + 

has a perfectly definite meaning. The sum of the first r terms 
of the scries is 2 —which approaches a definite value 
(2 in this case) as r increases. Scries which possess this pro¬ 
perty arc called convergent series (sec Chap. \'1I). It can 
be showTi that the series (1) is convergent if x is numerically 
less titan unity. 


\Vlicn a convergent series contains both positive and 
negative terms, a new series can be obtained by making the 
sign of all the terms positive. If this scries is also convergent, 
the original series is called absolutely convergent. It can 
be shov/n that (1) is also absolutely convergent when x is 
numerically less than unity (§ 7*71). 


VANDERilONDE’s THEOREM 
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VVc shall prove in the following articles that scries (1) 
is the expansion of (I+at)” even when n is fractional or 
negative. The proofinvolvcs the multiplication of series (1) 
by itself. It will be shown in a later chapter that multi¬ 
plication of two infinite scries is valid if they arc absolutely 
convergent (§7*82). Therefore, our proof will be valid for 
values of AT numerically less than unity. 

When X is numerically greater than unity, the scries (1) 
docs not have a meaning. The sum to r terms cither gets 
larger and larger as r increases, or is alternately positive and 
negative w’hilc numerically it goes on increasing. In neither 
case the scries can be said to have a sum, and the question of 
its equality to (1 has no meaning. 

When a; = 1 or —1 the scries (I) requires a closer exami¬ 
nation. 


1*4. Vandermonde’s Theorem. In tiie picscni 
article and the next one wc shall use a:^,) to denote the pro¬ 
duct 

x(x —l)(Ar—2)...(x—r+l) ; 

thus, a:(i^=x, X( 2 )=x(a; —1), etc. Here x is not necessarily a 
positive integer; it may be any number whatever. 

Vandermonde’s theorem states that if tn and ri ate atij two 
numbers^ then 

Suppose first that m and n are positive integers. Then, 
by the Binomial Theorem, 


(l-!-A')"‘ = lh 


m 


( 1 ) 


I! 


^^12) 2_i 1- 

2! ‘ r! ' ’ 


and (l-f-x)"i 


1 A. 

^ 1! ■ 2! 


n 




Multiplying the respective sides, wc get (1on 
the left and a series which can be arranged in ascending 
powers of a; on the right. Equating the coefficients of x’’ in 
these two, we get 

(m-\-n)(r) W(r, , , Wl(r-2)«(2) . i ”(tj 

r! ~ r! (V-^l)! 1 !*^ (r-2')!2!‘‘>! ’ 



8 


BINOMIAL THEOREM 


Multiplying this by r! wc get the result 

This holds for all positive integral values of m and n. 
But each side is a finite expression of the same degree in m 
and n. Therefore (1) must be an identity, that is, if the 
product is written in full and arranged in powers of 

/«, say, then each term must be equal to a corresponding term 
on the other side. This being so, the equation (1) must be 
true for oil values of m and n. 


1*5. Binomial Theorem: Any Index. Jfn 

ts any number, positive or negative, integral or fractional, 
and X is numerically less than unity, the sum of the series 

7i{n — \) , w(7i — l)r+l) 


1 


2! 


• • • 


r\ 




is (1 i-xy\ 

Wlicn X is numerically less than unity, the given 
series is absolutely convergent for all ^■alues of n 
(see § 7-71). Denote its sum hy f{n), and let 

Then 



'hr) r t 
^1 


m 


and /(m)^l ! -‘'fA.' i ".yj 

I * ■ 

Alultiplying tliese and arranging in powers of A, 
we get 


m 


( 2)^.2 


"hr),r 

I 0 \ I • • • • 


where kj = 




"hr-n^hn 




n 


(r) 


r! ' (r—1)!1! (r—2)!2I ' *■* ‘ r! 

“-Vandermonde’s theorem. 
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Therefore f{in) .f{n) — 1 h x -j- V- 


4- -'- 

• • • j 




r! 




i.e., f{"‘) ■f{n)=f{m+>‘)- (1) 

Again,/(?«) .f(n) .f(p)=f{m+n) . f{p)=f{m+n+{>). 
Repeated applications will show that the result 
holds for any number of factors. 


Case I. Positive fractional index. Let n—pfq^ 
where p and q arc positive integers. Then, by 
what has been sho^\’n above, 

/(/'/<?) -fiPlg)-- to <1 fectors=/(? ./V9)=/(/y). 

But fip) =1 +px-\-i^^^-y + 

since is a positive integer. Therefore 

{f(piq)r={i+^y, 

or, taking the //tli root of both the sides, 

Case II. Negative index. Let n = ~m^ where m 
is any positive integer or fraction; then by (1) 

/("O •/(—"0=/(0)=i- 

But /(m)=(lby Case I. TJierefore 

A -m) -1 //(;«) = 1/ (1 +^) - == (I +;.) 

Therefore for all values of n,f{n) =(I -f-A:)", i.e., 

(l+x)"=:lH-nx+ °^°7'^^ x- + ... 

^ n(n-l).^.(n-r+ _ l )x,+ 
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Note, (i) If n is fractional, will have more 

tliau one value, c.g. (1 The sum of the series 

in (2) is the real positive value of (I -f.v)”. Tliis can be seen 
l)y putting .v=0 in (2). 

(ii) A number n can be expressed as a ratio of two 
integers only when n is rational. So the proof given abov'e 
is for rational indices only. For irrational indices the 
theorem follows from the continuity of the function repre¬ 
sented by the series (2). But.ihe actual proof is beyond the 
scope of tliis book. 


1*51. Particular Cases, (i) Consider the expansion 
of (1 —v)"''. The general term 


r: 


V • r! ' ^ ' 


Therefnrr 
t\ -.v)*-'! 


* \ '••• I I •' I • • • 


7i{v - !)...(« \-r 
r\ 


(ij 


The expansion of (1 ;-.v; " is similar, only the terms arc 
allcrnnu'ly iiosih\o and negative. 

(iij By giving to w tlie values I and 2. we obtain 
from (1) 

( 1 -^.-^-- 1 ';r : aM ... i + 

(1 : '-A—+ 

ri-.v -3 d : 2A-4-3A=-F4A-3-K..^-(rf 

(I K,-—1 ~2v : . 

Tlic above expansions arc frequently used and ilie 
student should be famiiar with them. 
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• u expression of the form (at -{-«)" can be expanded 

in the following way: 

\ I « 2\ 

The expansion is valid for (A/rt)< I, i.c., Ar<a. ForA>^, 

(A-j-a) can be expanded in descending powers of a. Thus, 

(*+n)"=A’'(l-!-“)'‘_vn|| 1 

\ A / t ‘ .V 2! A - ' ■' )' 

Ex. Find the general term in the expansion of 

(1 _I_2.v)J/2. 

The general tr-rry^— —r- j 1) 'r 

r! \^-^} 

r! “ ^ ^ 

= ^ _ 1 jr-i I • -(^ r 3) 


1*52. Summation of Scries, If a gi^• 0 M 
series can be reduced to the form of a binomial 
expansion, its sum can be written down directly 
by the Binomial Theorem. 

In reducing tlie given series the numcratoi- 
and the denominator of die general term should 
be multiplied by suitable hictors, so that tlic 
denominator becomes r! and die numerator con¬ 
tains 7 factors differing successive!)’ from each 
odier by unity, besides die nh power of some 
number a*. 

Ex. 1. Find the sum of ilie scries 
. 1 1.4 1.4.7 1.4.7.10 

5“^5.10 5.10.15'^5.10.15.20 


• • • • 


[Bombay^ 1947J 
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This series can be wntlen as 

I -Ki) 

Therefore, its sum 
Ex. 2. Sum the series 

The fourth icrm=-^, = 

Arranginc; the other terms similarly, the given series 

= 1(J) - ®4t ’’ ^-^-^T^-- (i)“ 

- 41 ^ 2 ^’ ' •• 


= l - M- 


2^1 -lV2- 

I'.XAMPLES 



Expand to 4 terms the following expressions in ascending 
powers of x, and state the values of x for which the expansions 

are valid. 

1. (H-.v)>'“. 2. (l-rw)-!'". 

3. [8-1-12x')®'®. 4. (4a—8.v)"®'*. 

5. Find the 1 Ith term in tile expansion of (1 —2x*)^*^*. 
Find the general teimi in the expansions of 

6. (l-3.x)’'^ 7. (1-xj-^ 

8 . (1 9 . (1 -xri- 2 (l - 2 .V)-®. 

10. The expression a4 6/(1+2x)+c/(l — 3.v=^) can be 
expanded in the 1 4-^-:-2x®-r .... Find a, b and c. 
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11. Find the coefiicicnt of x’’ in the expansion of 

12. Show that the middle term of is equal to 

the coefficient ofx” in the expansion of(l —[£iAar,*54] 

13. Use the product(l —x)“i. (1 —to find the value 

^ - ,1.3 1.3.5 1.3.5. ...(2n—3) - . 

J4-i+2.4'^2.4.6‘^' ■'^2.4.6. ...(2n-2)' ^^3 

Find the sum of the following series : 


2 1 2.5 1 2.5.8 1 

"^3 * 2*^ 3.6 * 2*“^ 3.6.9 * 2 ^^'’' 

1^2 , 2.5 , 2.5.8 
9.18"^ 9.18.27 

ifi 1 , 5 ■ 5.8 , 5.8.11 

16. ^+3+8.12*^8.12.16' ' 

2.4^2.4.6^2.4.6.8^' ■ 

>8- >W<‘- 


[Uthly 1949] 
[Bombay, 1952] 
[Annamalaiy 1949] 
[Poona, 1959] 


~2 4 2468 

1»6. ^Jreatest Term. To find the numerically 
greatest term in the expansion of (1-f^v)", where lA.'|<i. 

Since we are concerned with the numerical 
values of the terms, we" shall consider only the 
positive value of x. 

Case I. n positive. 

Let Uj denote the rtli term; then 

-i)^-.(i; 

Therefore, «y+i>, =, or <m^ according as 
• or <1, 

i.e., («-fl)x>, or <(1-T-^)/', 


2 TBA 
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{n-\-\)x 
> \+x 


Two cases arise : 

(i) {n-{~\)xl{l +x) is an integer, equal to p, say. 
Then, as long as r<p, u^i>u, and the terms ^ 

on increasing. When r=p, When **>^1 

j/ <u^ and the terms decrease. Therefore the 
/>th and the {p-\-\)th terms are equal and are the 
greatest terms. 

(ii) (n + l)x/(l+x) is equal to an integerplus 

a positive proper fraction /, say. In this case 
as long as r<^4-/, and when r>p-hf, 

Therefc-re, for r^p the terms go on 
incieasirg, be^rg greater than Up and all the 
preceding terms. For r'^p-\-\, and the 

terms decrease. Thus is greater than 1^2 

and all the succeeding terms. Hence the (p + l)th 
term is the greatest term. 

Case II. n negative. 


Let n=—m, so that m is positive; then, by (1), 


Therefore, will be numerically greater than, 
c qual to, or less than according as 

+ =,or <1, 

i.e., (m—=, or <(1—x)r, 

i.e., r<,=,or>-^^-i- . 

1 —A' 


Let m>l; then, arguing as before, we see that 
(i) if (ffi—1 )a/(1 — a) =an integei p^ the ^th and 
(/j-fl)th terms are equal and are the greatest 
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terms; (ii) if {m~-\)xj(\ ~—x)~p where p is an 
integer andy is a positive proper fraction, {p -f-l)rh 
term is the greatest term. 

If WJ<1, then {m —l)x/(l — r) is negative and 
the above arguments do not apply. But in this 
case the factor {(m— l)fr-\-\]x, i.e., {1 --(I — Jn}lr}x, 
in (2), is h ss than ui ity for all values of r. There¬ 
fore the first term in the expansion is the greatest 
term. 

Note, (i) When n is positive, the factor {(nH-l)/r—1} 
in (1) becomes negative, for r>n + l. But its numerical 
value remains less than unity. Therefore the terms go on 
decreasing numerically and no amendment to the proof is 
necessary. 

(ii) When x is negative, equal to —7 say, we can apply 
the results of the above article by putting y for x in the 
formulae. 

(iii) When « is a positive integer the expansion is finite; 
so the restriction that |xj<l can be removed. 

(iv) In application to examples it is better to proceed 
as in the above article, rather than to apply the formulae 
obtained. 

Ex. Find the numerically greatest term in the expan¬ 
sion of when x=|. 


We have 

Therefore «|.+j > 1 /^ as long as (23 — 2 r) /3r> 1 , 

23—2r>3r or r<4|. 

Hence the 5th term is the greatest term. 


2 23-2r 

i“r=— 


1*7. Application to Approximations. The Binomial 
Theorem can be used to obtain approximate value.s, as is 
illustrated in the following examples. 


Ex. I. Find to five decimal places tlie value of 

V(98)=V(IOO-2)=10V(I—igo =100-02)1/2 

= 10{1 -J(-02) (•02)=-l ...} 


1.2.3 
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= 10(1 —-01 --*00005 —-OOOOOOo — ...} 
r=9*89949, approximately. 

The terms which have been neglected do not affect the fifth 
decimal place. 


Ex. 2. Calculate ^2 to four places of decimals. 

We have first to express ^2 in a form convenient for 
c.xpansion. The cubes of natural numbers arc 1, 8, 27, 64, 
125.We notice that 125/64is nearly equal io2. Therefore 

3 V'=* 

125/ 


( 125 3 / 3 

64 


1 *25- 0*01 -0*00008-f ...-'1*2599. 


Examples 


Wnicli is the yicalcst term in the rollowing expansions ? 


1 . 

2. 

3. 

4. 

5. 
G. 


(1 when .v 




(<2 + .v)* when .v — 

(1 ;-.%•)“’ when 
(1 when x — ?.- 

(5*-4.v)"’ when .v=^ A. 

If .V is so small that its nqnarr and higher powers can 
l)c neglected, hnd the value of 

' (S-r3.v)2'=' ,,, , ....,(l-2.v)"'a4-(l-h3;r)3^* 

(2+3x)V(4—5T|- 

Find to five decimal places the value of 

7. ?^{99n . a. (630'.-3 ■*. 

!). ^,/2. 10 . .^5. 

11. Show that the value of\/(A--r4) —y (a-- -Ij is appro¬ 
ximately 1 “ ^\4leu .Y is small, and 

2.y\ 4.v2^M.vV 


when .y is large. 
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12. If ^ is small so that a- and higher powers of x can be 
neglected, show' that the nth root of l-f-v is equal to 


2n-h(rt4-l)A; 
2 n'-!-(n —l).v 


nearlv. 


[TravancoUy 1953] 


Exa&iples on Chapter I 





Show that the middle term in the expansion of 
is 


1.3 5...(2« —1) 


nl 


2V. 


2. Find tlic term independent of .v in the expansion ol 

(x -1 /x2) [ U,P.F.S., 1960] 

3. Prove that the coefficient of .x’" in the expansion of 
CI-4x)-i/=is (2r) \f{rl)K 

4. Ifx>0, prove that 




I -’r-v ^ 2 ! 



5. If.v> prove tliai 

1.3.3 / X Y 


2.4.6 


(-1 


X 

1-x/ 


[Kartialak, ’54J 


6 . Show that 

, , « , n(«-l) , n(t/ - \,(n~2) 

-f 2 2-1 2.4.6 


_ « , «(^1) , «(n-i-l)(n4-2j , 

— * 3*^ 36 369 "T'". 

[Utkal, 1952] 

7. If n is any positive integer, show that the integral 

part of (3-i y/7)'^ is an odd number. [Bombay, 1948] 

[Hint. On expansion we see that (3-rV7)”d-(3—\/7)” 
=an even integer. -\lso (3—y'?)" is less than unity; 
hence etc.] 
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8. Find the first three terms of the expansion, in powers 

ofA:, of(I+3A:;i/*(l-2x)-^/*. [Madras, 1948] 

p 9. Expand (1in ascending powers of X up to 
the term in x®. 

10. Prove that the coefficient of x” in the expansion of 

1/(1 +,r+A'-) is 1, 0, or —1 according as n is of the form 3m, 
3m —I, or 3m-.-I. [Patna, 1953] 

11. Show that the coefficient of a"' in the expansion of 
(14,2 a)/(1-a+.t 2) is(-I)*^/3, 3(-l)‘^^-^^/3, or2(-l)‘"*-*>^® 

according as m is of the form 3n, 3/?-^ 1, or 3/1+2, where n is 
a positive integer. [Delhi, 1949] 

If (1 + A)"=ro -i'CiV + -r... + c^^x^, prove that 

12. ro+2ri+3f.,4 ...l)<r^ = 2"-Hn+2). 

[Rangoon, 1950] 


13. ro+iri+i<-2-. ■ ^•n/("+0=(2"‘^^ 


14. ... !;«!n! 

15. Co^——... + ( —l)"Cn“ — ( — l) 
or 0, according as n is even or odd. 


-l)/(n + l). 

[Delhi, 1950] 

[7. .4..?., 1955] 
"■'2n!/(*H)!(4«)! 


16. 


i'A ca 


\1. Ifn be an even integer, prove that 


>--rrr-h 


2^-1 


n\ 


1!(«-1)! ' 3!(n-3)!“'‘5!(n-5)!'’ ’"'’‘(n-I)!l!~ 

[Hint. Multiply by n!; then the left-hard side is merely 

<"3+<^3 +<^5 -l-.-.+Cn-i.] 

18. If 5,^ denote the sum of the first n natural numbers, 
show that 

■Si + J-v -tS^x^ +... -rs„x^’^ +... — f I -3_ 

Find the sum of the following series : 


, 3,3.5 3.5.7 , 

^-4-^478-470712-^ ■ 


[Gujarat, 1959] 
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• 

o 

CM 

‘ + 6+6.9 + 

21 . 

•^^213 ‘ 3!3» 

22 . 

2.4.6 ‘ 2.4 

23. 

Prove that 


+ 


4!3» 


[Andhra, 1954] 
[Allahabad, 1946] 


1.3.5 


[Bombajt, 1947] 




24, 


376.9"*” 3.6 .9.12 


25 


Show that 

5 . 5.7 , 44^+...=J(3V3-2). 

[Poona, 1960] 
Identifying as a binomial expansion, show that 

1 • ^_L 1 • 3 ■ ^ ‘ ^ ^ * y ;7 +...=0‘4 nearly. 

3——6 9^3.6.9.12 

[Rajputana,\S50] 
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EXPONENTIAL & LOGARITHMIC SERIES 


2*1* The number e. Just as the number tt, 
denoting the ratio of the circumference of a cii'cle 
lo its diameter has a special importance in trigono¬ 
metry, similarly the number equal to tlie sum of 
the infinite series 

is of great importance in algebra. This number 
is denoted by the letter c. 

It is easy to see that series (1) has a finite sum: 
for 


^ 1 ^ 1 . 2 ^ 1 . 2.3 


+ 


1 


1 .2.3.4 




2 I 23 ’ 2^ r • • • , 


i.e., <l+l/(i -i) or 3. 

Thus ^ is a number less than 3. Its value is 
2-7182818..., which can be calculated from (1) to 
any desired degree of accuracy'. 


2*2. Exponential Theorem, J*or all values of 
,v, positive or negative, integral or fractionaU the swn of 
the series 



■^2T^3! 




IS 


• « • 
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It can be shown (§7*71) tliat the given series is 
absolutely convergent for all values of x. Denote 
its sum \>y f(x). Then 


3 


! + 2‘! + 3!'+ 


•* 


and /(j') --l ■ a-,-r 7 T-. 

Multiplying these, we get 

A^) -Aj) --(fi - n) -^(2-! '-iTT! fl) 





Ir! ■ (r-I)n ! 

' (r —2)'!2! ' 

r!) 


-r 


But 


A- 


x'-Y 


r! ' (r-l)!l! (r-2)!2! 




.r 


r! 


Therefore 


--’■1 

..ip’- -‘-’CW-y 4-... } 

# • V 

^{xJryYfr'. 

.x+j , , 

= 1 T-n— r— oT- ' ••• ’ ^1 ‘ •••> 


/(*) •/(^)=-‘ ^ ^ ' 2! 


. . . ( 1 ) 


i .c., I{x)-f (y) =/{x +y) ■ 

ii^ain 

fix) .fiy) -fiz) =Jix+y) -fiz) =f(x+j+z) 
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and a repeated application of (1) gives 
f{x).f{y).f{z) ... to A factors 

=/(x -l-j'+^:4-,..to k terms). (2) 

Case I. Let ;c be a positive integer; then, b>^ (2), 
/(I) ./(I)... to X f4.ctors=/(l +1-I-*” to X terms), 

i-e., {/(1)}’‘=/W- 

But /(I) =1 +1 + i +1 +.... =f, 

therefore =/W • 


Case II. Let x be a positive fraction equal to 
plq^ where p and q are positive integers; then 

/O/?) -fiPk) 9 factors =/(?. />/?) =/(/>). 

But f{p) by Case I, since is a positive 
integer. Therefore 

{ fiPk )}“ 

or, taking the ^th root of both the sides, 


Jipfg) 


Case III. Let x be negative and equal to —y, 
where is a positive integer or fraction. Then, 

by (1), 


so that 


/( —j)-/(^)=/(0)=l. 

/( -y) =y-(3^) 


Therefore for all values of x,y‘(x) i.e., 

X x^ x’^ 

e‘=l+jj+2j+5j + ...+j:f4-.... 


This is known as the Exponential Theorem. 
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2‘3. Irrationality of e. To prove that e is 
irrational. 

If possible, suppose that e=Plg> where p and q 
are positive integers; then 


9=0 +9l) 

+ _L_+__ 


1 


( 94 - 1 )! ( 9 ^ 2 )!^-- 

MuJtiplyirg both the sides by 9 ! we get 

/»( 9 -l)! =:(an integer) 

+— I t \ / . 1 4"‘.- . ( 1 ) 


But 


1 


+ 


1 


+ 


(94-1)(9+2) 

1 


-j-... 


' (?+l)(?+2) ' (y + l)(9+2)(94-3) 
is a proper fraction, since it is less than the geo¬ 
metric series 


-L+ ^ I ^ I 

9+1 ^l9 + lp (?+T?'^-’ 

whose sum is I/ 9 . 

Thus equation (1) states that an integer is equal 
to an integer plus a proper fraction, which is 
impossible. Hence e cannot be caressed as a ratio 
of two integers, and is therefore irrational. 


Note. Irrational numbers were formerly often called 
iruomnunsurabU numbers. 


2*4* c* as a limit. T0 show that, for all values of x, 
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For sufficiently large values of n, xfn is less than unity. 
Therefore, by the Binomial Theorem. 

n(n — 

‘ H 


I 


( 


4- • • • 


Now, a5> n tends to infinity 1/m, 2/m, ...all tend to zero; 
therefore it appears that* 

Hence 

( r\n ,.2 ..r 

CoROLLARY. Puting A —I, wc scc that 

(1 -! 1/n)" =e, ^ 

2*5. Summation of Series. The expunentiul iheorcin 
can be used to find the sum of certain types of series. For 
example, putting —.v for .v in 


• « » 




_ 1 .L v4.±.-L ’ * U- 


(1) 


we obtain 


r —.V-!-— _ - j 4-... -i- . 




I hcrelbre the sums of the series 


\r* 


4! 


3! 


j! 


* riiis st'^tement really requires proof, hut the proof is 
subtle and beyond our scope. 
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can be obtained bv the addition and subtraction respccii\Tly 
of (l) and (2). 

Any other series which can be thrown into one of tlic 
forms (1), (2) or (3), can be summed up. An example is 
t^iven below. 


Ex. Find the sum to infinity of the series 

2 ^ 33 4 ^ , ■ 

Wc liavc J-3r2—2r 

=r(r~l)(r-2)-f3r(r-l)-:-r. 
Therefore, irr>2. 


[A^ra, 1953] 


I 


3 

r! !(V-2} !’'■ (r-1)! * 

Also 23/2!-3 ^1/1! 

Hence the given series 

= 1 -h(3 + r,)4*(l 'f,'.' 

3 , 1 

^2! • 3! ■ 41/ ■ ■ 

■=" (‘ :]'!'*■ i'! ■' "■ ) 3! ■■■■■ ) 


1 


^'(* + f! + 2! 


=e rZe-'re — 'ic. 


ExAMPLtS 

1. Calculate \/c to four decimal places. 

2. Expand («3x /<r3x in ascending powers of .v. 

3. Find the coefficient of .x'^ in the expansion of # 

(1 -3.r-i-x3)/e^ 



26 


EXPONENTIAL AND LOGARITHMIC SERIES 


Find the sum of the following series : 


4. 

* 1 2!^3!^*" ' 

42 44 

6. 

22 3 % 

21^3! ' 4!^‘" ■ 

[Delhi, 1958] 

7. 

A 1 1 I + 

2 3.ir 4.2! 5.3!^"‘ * 


8 . 


. [Bondiay, 1948] 

9. 

2.3 3.5 4.7 5.9 

3! 4! 5! 6 ! ' 

[Mysore, 1952] 

10 . 

—®12_|_22 + 32 _|_,_,_j _„2 

2,1 n! 

[Madras, 1953] 

11 . 

Prove that 



12 22 2»,32 , 32.42 , 

-yr I “ 2 I —' ~3! + • • =27^. 

[Andhra, 1953] 

12. Prove that 


,_^^ 3 ^ 1 + 3 + 3 ^ 1 + 3 + 32 + 3 * . ,, 

2! ^ 3j H -1) 


[Madras, 1953] 


2*6. Logarithms. If then is called 

the logarithm oia, and we write 

x=loga. •••(!) 

Thus from\he definit on of logarithms we see that 

^\ogS a ^ 
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Sirce e is greater than unity, is greater than 
unity *f X is positive, and 
less than unity if x is 
negative. Also, 

Therefore, by (1), log a is 
posHive if <i>l, negatve 
jffl<l, and zero Tfl=l. 

The graph of log a 
for various values of a is 
shown in the margin. It 
is seen that the curve 
does not extend to nega¬ 
tive values of a, the 
reason being that is 
always positive for real 
values of x. 

We can give a more general deBnition of the logarithm. 
If a, then we say that x is the logarithm of <2 to the base 
/; and we write x=logt a. 

From the theory of indices we can prove that 
Iogfl6=loga-i-log6, \o%{ajb) =log<3—log6, 
and loga”'=mlogfl, 

to whatever base the logarithms are taken. These formulae 
are of great help in numerical computation. 

The logarithm to the base e is krown as the natural log- 
arithm, or the Napierian logarithm, after Napier, the inventor 
of logarithms. In theoretic?>work we mostly employ natural 
logarithms, and so the suffix e^s generally omitted, the base 
e being understood. 

The logarithms to the base 10 are known as common 
logarithms. In numerical work common logarithms arc 
invariably employed on account of convenierce, ard the base 
is understood to be 10 when not mentiored. Thus log 2 
generaUy means logjQ 2, while log <2 means Icg^a. In case 
there is a likelihood of confusion, the base should be men¬ 
tioned. 
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Expansioa of a’'. To expand in ascend¬ 
ing powers of X. 

We have by the exponential theorem 

Put so that and ir=Iog^^z; then 

I '* V Too: a ' {x a, 

2*8. Logarithmic Scries. To expand log^il-{-x) 
in ascending ptwers of x. 

In the expansion 
put (1 H-,v) for a; then 

(1 +a:)^= 1 4-jIog^(l -\'x) -\-{yiog^{l +x)P/2! + ...(!) 
If X is numerically less than unity, we also have 

(1 —VA-^-—.r -I - ^ - r-... , 

' • • ( 2 ) 

by the Binomial 'Iheoreni. If this expansion be 
arranged in powers of r, the coefficient of y will be 

that is, V —W -r —ix^ - • • • • 

But (1) and (2) are different expansions of dtc 
same expression. Therefore the coefficients of r 
in the two must be equal. Hence 
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the expansion being valid when x is numerically 
less than unity. 

This is known as tlie logarithmic series. 

Ex. If a and /3 be the roots of 4-^=0, show that 

log (1 =(a-i-i9)A—. 

[Allahabad, 1950] 

Since a and j8 are the roots of x'^—px-\-q=0, therefore 

a+/3=^ and a^=q. 

Therefore log (1 -\-px-\-qx^) =log (I 4-(a+yS);c+a^x-} 
=log{(l +ax)(l +i3A-)}=log(l +fla)-i-log(l +i3-v) 

=ax — . -\-^x — . 

=:(a4-y3)x-K<i'+/32)AHi(a^+^*)A^-- . 

2*9. Galcalation of Logarithms. The series 

loge (1 +x) =x — Ja* 4- ^a3 — . (I) 

can be used to calculate log (I +a) only when a is less than 
unity; and even then it is not very convenient to use unless 
X is small) since the terms decrease slowly and a large 
number of terms are required to give sufficient accuracy. 
We give below two series which are more convenient in 
calculating logarithms. 

Putting —A for x in (1), we get 

loge(l— a) = —A—. (2) 

Subtracting (2) from (1), 

(3) 

If we put x = \{n, this gives 

log, („ +1) - log, (« -1) = 2 (^ + gl -r 5 ^, n'- ...); (4) 

and if we put 

1+A n+l 1 

~7r* "^'"2^1* 


3 TEA 
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+•••}• (5) 


(3) gives 

loge (n+1)—log^fi ^ ^ 

' 5C2n+l)® 

Both (4) and (5) are convenient for calculating log¬ 
arithms, n being so chosen that we know either log(n+l), 
log n or log(n—1). Two more formulae can be obtained 
by putting x=l/nin (1) and (2). But in these the terms do 
not decrease as rapidly as in (4) or (5). 

The above series give Napierian logarithms. To obtain 
the common logarithms (i.e., logarithms to the base 10), 
Napierian logarithms have to be multiplied by l/log«10, 
which is called the modulus of the common system. The 
reason for this is given below. 

If logjon=.v, then n = 10*. Therefore 

logen=loge 10*=xloge 10, 
so that a: =log£ n/log^ 10, 

that is, logjo n=logg n^og^ 10. 

Ex. Find logjo2 to four decimal places. 

Putting n=3 in (4) we get ^ 

loge 4 logj 2 =2 -b 53 *"^ 73^^ 

=2(0*33333 -f 0*01235 + 000082 + 0*00007 +...) =0*69314, 
i.e., loge 2 =0-69314. 

Putting n=9 in (4) we get 

loge 10— loge 8 =2-b 5 95 + ^ 

or log,10-31oge 2=2(0*11111+0-00046+•■•) =0*22314. 
Therefore log^ 10=3 log^ 2+ 0*22314=2*30256. 

Hence logjo 2 =0*69314/2*30256 =0*3010. 

' Examples 

Expand the following expressions, giving the general 
term. 

1. log(2+x). 2. log(l+3.v+2.r3}. 
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3. log(l-4f)«-*). 4. \og{\l(\-^x-x*-\-x»)). 

[Madras f 1948] 

5. Show that the coefficient of jf’'in the expansion of 
( 1 ) in ascending powers of x is 1 /n or — 2 /n 

according as n is not or is a multiple of 3. [Bombay^ 1948] 

6. Show that log, 10=3 log^2+i-Hi)*+i(i)*-... - 

[Madras, 1949] 

7. Find the value of 

[Annamalai, 1949] 

8 . Show that, if x is numerically less than unity, 

+ ^Jc*+...=x/(l—jc) -f-Iog(I—x). 

9* If^ =■*/(*+ 1 ) and 0 <x<l, exprcssx——... 
as a series in powers of y. 

10. Find the common logarithms of 7, 11 and 13; given 
that logio 2 =0-30103 and log,o<r=0-43429. 

11. Show that 


I , 

^2(x-f'l)*“^ 


1 


x-|-l '”2(x+l)®~^3(x+i)*'^‘'' [Madras, 1954] 

12. Find the sum of the following infinite series 

(i) logge — logge +log„e —loggj e. . [Madras, 1958] 

(ii) i^*+i> 5 A:‘ + ...+*>"/(4n*-l)+...,lx|<l. 

[Andhra, 1952] 


Examples on Chapter II 

1. Find the coefficient of x in the infinite scries 

1 + +... . IU.P.C.S., 1947] 

2. Prove that 

[Madras, 1949] 
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3 . show that 


1 [Gujarat, *60] 


4. Prove that 

log{(l-f2.^) /3} =§x+i.x=- 
higher powers of.vbeing neglected. 

5. Show that 

■, o_(• 

logg 3 — 1 , '3 2®"^ 5.2'* ^ 7.2®. 


[Andhra, 1950] 


[Patna, 1949] 


-1 


6 . Show that if p and q are positive 

[Rangoon, 1950] 

7. Find the Napierian logarithm of 1001/999 correct m 

seven places of decimals. [Allahabad, 1950] 

8 . IfxT^l, show that 

2x 




4 " • • • • 


[Mysore, 1949] 


9. Prove that 


log {(1 = 2 (i ^'2 + + ••■ )■ 

10. If .T>1, prove that 

2 logg A- -logg (a +1) -logg (a -1) = + 2^4 + ■ 


[Agra, 1941] 


11 . 
2 logg n 


Sho^\• that 

-logg (« +1) —loge ~ 1) 

=2 (a^aTTl + 3(2^*^^ 5(2n3-l) 
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12. Show that 


1 


+ 


1 




n + 1^2(n + l)a ‘ 3(n + l)a 


13. Show that 


1 , _i__L+-i 

- n 2n-3n^ 


lAgra, 1953] 


1 


2T3(M-1)- 3.4(«1-1)» 

[^Rajasthan, I960] 


14. Show that 


„+i ==2 {1 + + ...}. [P^lna,'50] 


15. Find the sum of 

1 loge 2 (Ioge 2)2 

1 + . 3j + ••• - 

16. Find the sum to infinity of the series 


[Bombay, 1947J 


1 + ' +2 + i±|^3 ^ 1.,oj 


2! 

17. Show that 


1 +2. 1+2+22 1+2+22+22 


i+- 2 r+ 


3! 


+ 


4! 


- 1 - ... toco=e 2 _^. 

[Rangoon, 1950] 


18. Prove that 2 ^ 2 'j+^j+4- [Osmania,’52} 


19. Show that 


1 


1 


logl^J_L 

^ e 1.2 2.3 ‘ 3.4 4.5 


+ ... . [Andhra, 1950] 


20. If a and ^ are the roots of the equation x^—px-}-q=0, 
show that 

—loge(I ~px-{-qx^) —(a+^)x +J(a2+^2)jc2+ ... 

+ ((a«+i3^)/rt};<»'+ ... . [Utkal, 1950] 
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21. If log(l+Af+x*4-x*) be expanded in ascending 
powers of x, show that the coefficient of x” is 1/n if n is odd or 
of the form 4m4-2, and —3/n if n is of the form Am. 

22. Expand log {(1+x+x*)/(I —x+x*)} in ascending 

powers of x. [Bombay, 1954] 

23. If log (1 —x+x*) be expanded in ascending powers 
of X in the form flix+tfjx*+a 3 x»show that 

loge 2. [Rajputana, 1950] 

24. Apply the exponential and binomial theorems to 
show that 

+ (n-2)"+... =n! [Poona, 1952] 


CHAPTER III 


INEQUALITIES 

3-1. Definitioiis. A number a is ^id to be 
greater than another number b if a.-^b is positive, 
and is said to be less than b d b is negative. 

Thus 1 is greater than —2 because 1 —(—2) 
is positive; and —3 is less than 2 because 
-^3 _2) is negative. For brevity we use the sign 

>■ for “is greater than” and ■< for “is less than , 
and write 1> —2 and — 3 < 2. 

In die present chapter we shall suppose (unless 
stated otherwise) that the letters denote positive 
real numbers. Some authors use the word 
“quantity” instead of “number”, but in algebra we 
really deid with numbers. 

3*2. Maxupulation of Inequalities. The 

rules for the manipulation of inequalities are mostly 

the same as for equations. 

(i) Thus, if a>6, it follows from the definition 
given above that 

a-\-c>b-\-c, • • • (U 

a — —c, 

a€'>bc, . • • (2) 

aje^hfe; ^ 

that is, an inequality will still hold if both st^s are 
increased, diminished, multiplied, or divided by the same 

positive number. 
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(ii) If a-Ob, 

then, adding c to each side, we get 

a>b-hc; 

which shows that a term on one side of an inequality 
may be transposed to the other side after changing its sign. 

(iii) If a:>b, a--b is positive and — c{a—b) is 
negative. Therefore 

—ac< —be, 

i.e., if the sides of an inequality be multiplied by a nega¬ 
tive number, the sign of inequality is reversed. 

In particular, if at>b, 

~-a< — b. 

(iv) If aj>bj, aohy ••• > «n>^n> fol¬ 

lows from the definition of an inequality that 

Also, successive applications of (2) give 

or, taking the first and the last members, we get 

(v) From (3) we deduce that, if a>b and n is 
a positive integer, 

aOb\ ... (4) 

It can be shown that this result holds even when n 
is fractional, provided we take the positive and real 
values of a” and b^. 

Di\iding both sides of (4) by we see that, 

ifa>t, 
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(vi) From the properties of the pponential and 
logarithmic functions (see§2'6) it follows that, 

if 

and loga>log6. 

3'21. Factorisation. For those inequalities 
in which the expression obtained by taking the 
difference of the two sides can be factorised, we 
can prove the inequality by considering the sign 
of each separate factor. Sometimes a special selec¬ 
tion of factors is useful. 

When both sides of an inequality are sym¬ 
metrical in a and there is no loss of generality in 
assuming that ^>6. For, if we can write a 

for h and h for a, and, because of the symmetry, the 
inequality will remain unaltered. Similarly, if an 
inequality is symmetrical in <z, ..., we can 

assume that . 

Ex. 1. Prove that 

We have + —a* — b* =a®(6— a) —6) 

= — (a—+ 

which is negative. Therefore 

a?b-\-ab^<.a*-\-b*. 

Ex. 2. Show that (n!)®>n". [BarodOy 1960] 

Rearranging the factors in (n!)*, we see that 
(nl)®={l.n}(2(n-l)){3(n-2)}...{r(n-r-l-l)}.(1) 

Now r(n—r-V-l)>« - • • (2) 

if r(n—r+l) —n>0, 

i.e., if (n—rXr—1)>0. 
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But this condition is satisfied when r is less than n and 
greater than 1, i.e. for r=2, 3, (n—1). For these values 

of r, ( 2 ) becomes 

2 (n —l)>n, 3(n'— 2 )>w, (n — 1)2 >n. 

By multiplication we get 

{2(7i-l)}{(3(n-2)}...{(n-I)2}>f>>^-^ (3) 

Multiplying both sides by (1 . n}®, we get 

{I .n}{2(n-l)}{3(n-2)}...{(n-l)2}{n. l}>n", 
or, by(l), (n!)*>n". 

Ex. 3. Show that the expression 

a(a~b) (a—c) -{-bib—c) {b — a) +c(c—a)(c— 6 ) 
is positive. 

Take a>b>c. Then from the inequality a>b, we get 

a—ob^c, 

and a(j—i)->6(a—^). 

Multiplying together the respective sides, we get 

a{a — b) {a~-c)>b{b—c){a—b)t 
or, by transposition, 

fl(a-A)(a-c) + A(A-c)(A“a)> 0 . . . ( 1 ) 

Also, since a'>b>c, therefore c—a and c—b arc both 
negative. Hence 

c(c-a)(c- 6 )> 0 . ... ( 2 ) 

Adding (1) and (2), we get the required result. 

Examples 

1. If a >6 and ;c>0, prove that <a/A. 

2. If a>b^ show that a^b^'>(^b‘^. 

3. Find which is the greater, or a^-j-26®. 

4. Prove that a^-\-b‘^>o,^b-\-ab^. 

5. If X may have any real value, find which is the 
greater, x® —1 or jc®—x. 

6 . Show that ifx>a. 
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7. Find the greatest value of x for which 6x*+10 is 
greater than x^+lSx. 

Prove the following inequalities : 

8. 2(a6 + l>>(a4-l)(* + l). if 

9. (a*+i*)(a®-f6'')<2(a» + 6»). 

10 . a^{a—b){a-c)+b\b-c){b-a)-^c^ic~a)(c—b)>0. 

11. (n!)*<r!(2/i-r)i! 

12. If a, 6, Cy d are in harmonical progression, prove that 

[Hint. Take p-q, p + q, /» + 3g as the reciprocals 

of a, 6, c, </.] 

3-3. Arithmetic and Geometric means. 

The square of every real number is positive. So, 
if x^y, {x—y)^ is positive, i.e., 

X® —2xy-{y^'>0, 

or x^+y^>2xy. 

Putting a and b for x^ and y^, we see that if a 
and b are positive and unequal, 

5(a +b)>\/(ab), 

i.e,, the arithmetic mean of two unequal positive numbers 
is greater than their geometric mean. 

Ex. Show that a^-\-b^-\-c^>bc-^ca+ab. 

We have 

and i(« 2 ^ + 6®).>aA; 

whence, by addition, we get the result. 

3*31* Sum and Prodnet of two numbers. 

Let a and 6 be two positive numbers, S their sum 
and F their product. Then from the identity 
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{a —b)^=4ab, 

wc get 

4P=S^-(a-b)\ ... ( 1 ) 

Thus if a and b vaiy, subject to the condition 
that their sum S remains constant, their product 
P will be greatest when a=b. 

Also, since (1) may be written as 

if a and b vary, P remaining constant, S will be 
least when a =b. 

In other words, if the sum of two positive numbers 
be given, their product is greatest when they are equal; 

and if their product be given, their sum is least when 
they are equal. 

3*4. Greatest Value of a Product. To find 
the greatest value of a product the sum of whose factors 
is constant. 

Let there be n factors a, b,c, , k; and denote 
their consUnt sum a-\-b-}-c+ by 

Consider the product abc...k. a and b are 
^y two unequal factors, and 'v\e replace them by 
the two equal factors \[a-\-b), the product 

IS increased, while the sum remains unaltered. 

Therefore, as long as any two of the factors a, b, 
c, ..., k, are unequal, we can increase their product 
without altering their sum. Hence the product 
IS greatest when all the factors are equal. In this 
case each of the n factors is equal to sjn, and thus 
the greatest value of the product is {sjuf, i.e., 

^-\-b -\-c -f-... 
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3*41^ Definitioiis. If j, 6, r, * arcnnumbcrs, then 

a b^c 'r 
n 

is called their arithmetic ;n/fln, and 

'^\/(abc.. .k) 

is called their geometric mean. 

3'42. Aritlimetic and Geometric Means. 

The arithmetic mean of n positive numbers which are not 
all equal to one another, is greater than then geometric 

mean. 

Let a, b,c, ...,k be the n numbers, not all equal 
to one another. Their product is abc...k, and 
their sum a-\-b-\-C'-\-...-^-k. 

Now we know that the product of n factors, 
whose sum is given, is greatest when the factors 
are all equal to one another. Therefore 

\{a-\-b-\-c +A)/k}^ 

is the greatest product of n factors having the sum 

and consequently is greater than 

dbc • • *k • 

Taking the ?ith root, it follows that 

^d±±£±::i±H>(abc... 

n 

which proves the proposition. 

We give below an independent proof of this important 
theorem. 

Case I. n is a power of 2. Let the n numbers be b, 
c, Then 

^{c-{-d)'^^cd)^'-, ...j . . (1) 

the sign of equality being taken when the two numbers arc 
equal. From (1) we get 
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y J^a-^-6-^-c-l"rf) ••• • 

Proceeding in this way, we can show that 

a+l>+c+--+,k r^^c-.-kyi”, . ■ (2) 

n 


when n is a power of 2. 

Case II. n is not a power of 2. Take an integer f such 
that n+f is a power oi 2, and consider, the numbers 

Qy by Cy •••y hy Ay Ay 

where Ay the arithmetic mean of the numbers a, fc, c, 
occurs r times. Then, applying the result of Case I to 
these numbers, w'c get 

g + &+c + .-.+A:-br^ > 

Now, since ^he left-hand side is 

equal to A. Therefore 

Cancelling the common factor and taking the nth 
root of both the sides, this gives 

A'^^^{pbc 

the sign of equality being taken only when the numbers arc 
all equal. 

Ex. Show that (n!)=’<n"{i(fi-rl)}*''. 

We have (P . 2®. 3^ ... n*)5/''<(l®+2'' + 3H-• 
or (n!)=>M<in(n-fl)*. 

Raising both sides to the power n, we get the result. 


3'43. Repeated Factors. To find the greatest 
value of a^b^c^ ... when is constant; w, 

Hypy ... being given positive integers. 

Since m,nypy ... are constants, aJ^b'^c^ ... will be 


greatest when 
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is greatest. This consists of m factors each equal 
to ajniy n factors each equal to bjn, p factors each 
equal to cjp, and so on. The sum of these factors 
is equal to 

+n(^/n)+/)(c/7i) + •••) ^ 

which is a constant. Therefore (1) will be greatest 
when all the factors are equal to each other, i.e., 
when 


a b _ c _ ,_ a-\'b- \-c -\~... 

m n p m-\-n-^p-]-..^' 

Thus the greatest value of ... is 


in 


m 




o, ~\~b -\- 


* • • 


3*44. Maxima and Minima. The foregoing articles 
can be used to solve questions on maxima and minima. But 
in the case of quadratic functions, and also in some other 
cases, it is more convenient to express the given function as 
the sum of a constant and the square of a variable expres¬ 
sion. This method is illustrated in Ex. 3 below. 

Ex. 1. Find the greatest value of ( 6 -t-Ar)*(< 2 —.v)* when a: 
lies between a and —b. 

Since the sum of b-\-x and a—.vis constant, x)- 

will be greatest when 

b-\~x a—x a-^-b 

5 * 

i.e., when x = l(3a>~2b ); and the greatest value will be 

33.2»{(a+6)/5)®. 

Ex. 2. If 2xd-5>'=3, find the greatest value of 

is greatest when (|A)*(5>)*is greatest. But the sum 
of the factors in the latter product is 3(§x)+4(5^), which is 
equal to 3, a constant. Therefore (|A)*(|>)*is greatest when 
its factors are equal, i.e., when 
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2x __ 5^ __ 2Ar+_ 3 ^ 

3 "4 ~T-f4 ~7’ 
and so the gi-catost value of is 

(A)’Q§)‘=2^3*»/5^7’. 

Ex. 3. Find the minimum value of (x-\-a){x-^b)l{x—c). 
Put.v—_)>; then the given expression 

=Cl' ^ 0'+^ ly 

^v-'r{U^a)(c'}-b)ly}-^c-\-a-^c^b 

L \v J 

2v'{(^-!-«)(c-ri)}. (1) 

This will be least when the squared term is zero, t.e., 
when 

or -V — c -h VI(c4-4- *)}; 

and the minimum value of (1) is 

c-l-rt4-f-r^'-r2\/{(c4-a)(c+6)}={\/(c-Jrfl)4-v/(f+*)}“- 

Examples 

Prove that 

1. [ab 4*.vv) (<iA- ■\-by)>-^ab.xy. 

2. (ij4-c)(c4-a)((i4-6)>8fl^r. 

3. b-h^~yc^‘a‘^yaH^>abc{a-\-b-\-c). 

4. 6abc<bc{b-\-c) -\-ca{c-ra) -Trab{a'^'rb). 
j. cd{a-rb)-< [ad -f- be) [ac ybdj. 

G. Sho^\' that the sum of any positive number and its 
reciprocal is never less than 2. 

7. If and .v2-hy“-rC-==l, show that 

ax ', by-\-cZ<\. 

Prove that 

y. a“b-\-b~c-rc'~a';>3abc. 

9. [a-\-h-\ c)[hcyca 'rab)'>9abc. 


[BanaraSi 1955] 
[Baroda^ 1960] 


10 . 


IfEAK Of THE mni FOWERS 

{x^y +>*«+«**' (*>* +>«*+^;'<*)> S*!)-’-??- 

a b . c . X I 


11. f + 

'»■ (f+7+iX=+M)” 

13. n">1.3.5...(2n —1). 

14. 2.4.6...2n<(n + l)^- 

15. (r+2M-3"-H--+n^)">”"W 


IBMfdM, I960] 


[GcrakhpuTy 1960] 
[K^hmify 1954] 
[Panjab t 1951] 


16*. If x>l and n is a positive integer, prove that 

17. Find the minimum value of x® —10x4-27, and the 

maximum value of 16 .t— 13—4x . maxi- 

18. Given that x lies between -6 and ,950] 

mum value of (8—^ , -r » _LOo_t 

19. Find the greatest value of ^ ^/r!4-x•'^. 

20. Find the minimum value of Co4-x)(24-^)/C 

3*5. Mean of the mth powers. If a ^ni b 

are positive and unequal, 

2 ) ’ 

except when tn lies heticeen 0 ctnd 1 - 
We can write 


on expansion by the Binomial Theorem. 
4 TEA 


;)"+•••} 
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4 

Similarly. 


/a+b a—by" _(a-bY'(,a^\ 


m 


"(t") [a'A-bj 2! \a+*/ 


m 


(m -l)(m-2) 1. 

-V/z W 1 


On adding these two expansions the alternate 
lerms cancel, and we f'bialn 

rt'" 1) 

-2)^-2) (m - 3) 

Now direc cases arise. 

(i) If m<0, i.c., if m is negative, all the terms 
on the rieht-hand side are positive. Therefore 

a”'+b'''/a~b\"' 

2 2 I ■ 

ii) If m lies between 0 and 1, all the terms on 
the right after the first are negative. Therefore 

- (a r6\"^ 

2 / * 

iii) If 7 /t>l, put m = l/«, where /i<l. Then, 
if A and B are any two positi .e numbers, we get 
bv (ii) 

A B^ 


{ 


2 7 


2 


A+B^ /A" 


(^) 


whence 


general case 
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Now take A =ar\ then 


m i./yn 

(^T- 

Hercc the theorem is establ.shed. 
1, the IneounlUy bc*c< mes an cejuality. 


2 ^ 

.m t_l*m 


i.e., 


> 


If m =0 oi 


3*51. Mean of mth powers. General 
Case. Jf it, h, c. k are n positive numbers^ 



-^r'"-i /r’" 





except when m lies between 0 aitd 1. 

Suppose that VI does not lie between 0 and 1, 
and cuxisider the expression 

If and h arc urcqual and we replace them by 
the equal numbcis \{a-^rb)i then the new 

expression obtained, viz., 

[\(a -M)rd-{U« + ^)r+^"‘-r-. 
is less than (1), since 

But the sum of the new numbers, viz., \ia-{~b) 
+^(<7 4-6) is the same as before. 

Thus kce]>aig the sum of the terms constant, 
we can dimii'ish the sum of their ?/zth powers by 
replacing ui equal terms by equal ones; and as long 
as (1) contains unequal terms, we can d minish it 
in the same way. Therefore, its least value is 
obtained when all the terms are equal. In this 
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case each term is .,.-\-k)lnj and the sum 

of the mth powers is 

Since this is the least value, it is less than (1), 
and so 

^ ^ ^ H-b + C-p •.. 

If 771 lies between 0 and 1, we can show by a 
similar argument that the sign of inequalit^'^ is 

leversed. 

The above theorem can also be stated as follows: 
The arithmetic mean of the mth powers of n positive num¬ 
bers is greater than the mth power of their ariihrrutxc mean^ 
except when m lies between 0 and 1. 

If the numbers arc all equal, or if 7n ==0 or 1, 
ihe above inequality reduces to an equality. 

Ex. Show that the sum ol' the mth powers of the first 
71 even numbers is greater than if m>l. 

By the above theorem. 

2ni4-4Tn_^6m4.,.. 4-(2n )n^ ^ 

11 

(,r 2"' 4-4^'*+6"^ -r... -r (2fi) "'> nCnH- H"*, 

rni summing up the right-hand sfdc. 

3*6. An ineiiuality for (l+*/a)". if o, b and x are 
{mitive and a>b^ then 


/ 2-f4+64-..-+2n ^ 
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(i) Let a and b be integers; then by expansion 


(l+i)“=l+a.^ + 


X a{a-\) x« . fl(a-l)(g-2) ^ 


2! 




a* 


31 


+ ••• 


-+-+('-i)S+('-':X'-i)S+■•<'> 


and similarly 
1 ^\b 


X 


Since a>b, the nximber of terms in the expansion (1) is 
greater than the number of terms in the expansion (2). Also 
each term in (1) is greater than the corresponding term in 

(2). Therefore . 

O + 'a) >(*+?) • 

(ii) If a and b are fractional*, we can write them aspfJ 
and qld, where />, q and d arc positive integers. Then we 

have to prove that 

or, raising both sides to the power d, we have to prove that 
This is true by (i), since 

3*7. An inequality for a"b*». To prove that 

(14-x)»+*(l—ifx<l. 

and to deduce that <^iO>C-±-T. 


•Only a rational number can be expressed as a ratio of 
two integers. Thus the theorem has been proved for ration^ 
exponents only. But if k is irrational, is not an algebraic 
function, and “it is obvious that there can be no stricUy 
algebraical proof.** See Hardy. Littlewood and Polya: 

Inequalities. 
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Let/*=(!-!-then 
logP=(l -\-x) log (1 +(1 -x) log (1 ~x) 

.=(lug(l H-.t) 'rlng(l —A-)}+x(log(l -r-v)—log(l —;f)} 

-2{Lv2 . 0-f 2 a {a:-J- 4 -r.. J 

“'^11 .2 3.4'*“5.6'^ "r 

which is positive. Therefore P>l,i.c., 

ri4-A-)»+^(l'-A:)i-*>l. (1) 

To deduce the second result, put A = (a —i»)/(a4^;jSO that 

14*=2W(a4M. l-A--26/(fl4/f‘. 


Then (1) becomes 


2a \^na-tb)/ 2b V^/w+ln 


\a-\-i 




(IL) 

\a^b) 


.a-\-bJ \a-\-b 

or, raising both sides to the power 

2a 


>1 


\a \^bj \a^bj 


>L 


Multiplying both sides by {(a-f-A)/2)“+^, wc get 

3*8. Miscellaneous Methods. We new gi\c s< im- 
examples illustrating metiiods other than those used above. 


Ex. 1. Prove that if I >A:>_y>0, 

I +xV^^ 

1 


We have 


(sr> m’ 

(S)"‘>■ 


■ r 4 

according as ^ log or < - log (y™)* 

rBuit = l {log(l+^) -log(I -Af)! 

^ =2{144*®4|a:* + ...}, . 


(U 


I 
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and similarly 


^log(g)=2{l+iy+iy4-.}- 


(2) 


the expansion (1) is term by term greater 


since x^yt - 

than the expansion (2). Therefore 

from which the proposition follows. 

Ex. 2. If a, 6, c are unequal positive integers, show that 

- . t ^ 


\ a-\-h-\-c J 




\Banaras, 1960] 


ro Take a factors each cciual to a, b factors each 
b aid /factors each equal tor. -nen, s.nce the ar.thmet.c 
mean is greater than the geometric mean, 

rt+6+f 


Therefore >a b c . 


(ii1 Take a factors equal to 1/a, 6 lactors equal to 1/i. 
and c factors equal to l/r. Applying again the theorem 
that the arithn?etic mean is greater than the geometric 

mean, we get 

a(J/a)_+ fe(l//> ) +gCl^j > (1. i 

a+d+c \a* cV 

, 2 \a+b+c 1 

-- 

Therefore > ( «—v'^ 

■ •:f 
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1. Show that 8(««+6»)(a®+A*)>(fl-i-*)*. 

2. If 6 ,6 arc in harmonical progression and n> I, show 

(hat lAgra, 1953] 


3. Show that 

4. Prove tliat n(B+l)®<8(l*+2*-f 

5. If ... show that 

/M> (a^i++ • - • 4- Jfn) * > '*• [Allahabadj *49] 

^ If a, I, c are u q laJ, prove that 

2 . 9 


,+*+ *-+« + i+4+.- 

Show that 

I. Iftf}, «!> positive numbers less than l,8how 

that (I “«i)(l ——fl„) > 1 —tfj—B,—... —fln- 


7. 


Examples on Chapter 111 

1. Under what circumstances is 

(i) *>+y>>x*j»+xy; (ii) (I+x>')2<(x4-.P)»? 

2. If x>0, prove that 2<x+I/x<x®-f'l/x®. 

3. Show that (l+x»)(l-Hy)(H-^®)>(l 

[Allahabady 1953] 

4. If 0 y by c are positive, show that 

5. Show that 

r«+6+c-f rf) («®-f -h c» if*) > (a=*-f 6*+ c2 +». 

[UP. C.S.y 1951] 

6. If Xy yy Z are positive and unequal, show that 

(ii) x)(«+x-^)(x4-^—^). 


examples 
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7. If *4-y+<2:=l, show that the least value of (lW + 

(IW + CIW is 9; 1959] 

8. If fl, b, c are unequal and positive, prove that 

“ + 4- < J(o+6+t)- {Agra, 1955] 

[Hint. Since 6c<{K6+^))®» therefore M(j+c) <iC*+0- 
Write two more similar inequalities and add.] 


9. Prove that 


4i+c c-\-a a-\-b 


[Wa^/fur, 1948] 


10. If n be a positive integer greater than 2, show that 

[C/.P.C.5., 1960] 

11. Show that 

\ x-\-y^z / 

unless *=>=«. [Madras, 1960] 

12. Find the greatest value of fgljl 

between 7 and -2. [Kashmir, 1955J 

13. Find the maximum value of xt'*(l 

14. If a and j3 are positive and a>0, show that 

(1+1/a «>(1 + 1/Pf^- 

Hence show that if «>1. the valueof + ” 

15. Show that aH<^<[\{a^b)Y^^. [Nagpur, 1954] 

16. If a, b, c arc in descending order of magnitude, 
show that 

(^0 ~ 1950 


17. If X is positive, show that 

log(l+x)<* an<l >Jr/(l+*)' 
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18. Show that 

^ + l/n- [Allahabad, 1949] 

[Hint. First prove that log(l-fr)—log r<I/r]. 

19. Prove that (l/m)log(l -f <(l/n}log(l -f a") if/n>n. 

20. Show that if m>K. 

[Luchnowj 1952] 


21. If n is a positive integer and a< 1, show that 


.n+i 


1—A" 


W + l 


n 


[Rajasthan^ 1960] 


22. If j, bf c denote the sides Of a triangle, show that 

/», r being any real numbers, 
(ii) a-yz ■^b‘^Zx-\-c-xy cannot be positive if A-f^-i-4:=0. 


23. Show that U 3! 5 ! -1) !> (n!)». [Mad., 1954] 

21. If a, b, c, d, .... arc p positive integers, whose sum is 
equal ton, show that the least value of n! 6! r! rf! ... is 

\\herc q is the quotient and r the remainder when n is 
divided by/;. [r.P.r.5., 1954] 


CHAPTER IV 

partial fractions 

4'1. Partial Fractions. An expression of the 
form 




m^l 




m 


• t-* 1 - « h h are constants and and 

'"a'^e’^^s Fve’int'^ers^is called a ratio,ial al^bm,^ 
fraction If the numerator is of a lovver de^ce 
C ?iie denominator (i.e. if m<«), 
is called a proper fraction. If the numerator is n 

of a lower d^ree than the denominator, we can 

divide the numerator by the 

express the fraction as the sirni of an integral 

part and a proper fraction. Thus 

«■ ±f fl+l -X +2 +5±|. 

If the denommator of a proper fraction ^ 
factorised, the fraction can be expressed as the 
sum of fractions w th simpler denominators ^ 
pressing a given fraction as a sum of simplei 
Actions is caUed resolving it into partml fractions. 

For example, 

x + 3 2 _1_ 

*2—i-x—1 X+1’ 

and so 2/(x-l) and -l/'*+l) are the parUal 

fractions of (x+3)/(x®—!)• 

To resolve a given proper fraction into partial 
fractions, the denominator should first be tactor- 
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ised into its simplest possible real factors. These 
w'll be eHher linear or quadratic, and some of the 
factors may be repeated. The method of finding 
partial fractions corresponding to these factors 
is given in the next article. Unless mentioned 
otherwise, by resolution into partial fractions we 
shall mean the resolution into the simplest set of 
partial fractions. 

4*2. Simplest set of Partial Fractions. If 

the proper fraction f{x)l<l>{x) be resolved as a sum of 
partial fractions, then, 

(i) to every non-repeated linear factor x —a in fj>{x) 
corresponds a partial fraction of the form Al{x —a); 

(ii) to every linear factor repeated r times in ^{x), 
i.e., to every factor {x —by, corresponds a group of r 
partial fractions of the form 

-Si -fis -B 3 , Br 

X -i+ [x - 672 + (V • • • ■' ’ 

(iii) to every non-repeated quadratic factor x^f-px-rq 
in <f>(x) corresponds a partial fraction of the form 

(Cx+D)l{x^--^px-hq); 

i^iv) to every quadratic factor repeated s times in 
<j>{x), i.e,, to every factor (x“~tkx-\-iy, corresponds a 
group of s partial fractions of the form 

E^x~\-F^ , . E^x-tFs 

x^-kx-fl(x^ +kx+lY~^'" '■ {x^ +kx+l)^■ 

Here the coefficients A, •••, 6 ’, D, Ej, Fi, ... arc iii- 

deperdent of .v. 

To prove the above, ^\•c notice that the ninuber uf 
constants A, B^, B^, ... is «, where n is the degree of the 
denominator the reason being that for every linear 
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factor we have one consUnt, for every quadratic lactor we 
have two constants, for a linear factor repeated r times, 
viz. (x—6)»’, we have r constants, and so on. 

Also, if we equate/(*)/.^(.r) to the sum of parti^ 
indicated by the above rules, and multiply both sides b> 
dfxl to get rid of the denominators, we obtain /(*) on the 
left-hand side and an expression of degree n —1 on the 
right-hand side. Since this relation has to be satisfied for 
all values of x, it must be an identity. th^refoi c 

the coefficients of the various po^vers of x and the constant 

terms on the t^vo sides, weo btain ^ 

many as there are constants at our disposal. 
these equations will give values for the « constantsd, B.,... 
uniquely*, thus proving our hypothesis. 

♦ 4-3. Resolution into Partial Fractions. 

We see that aU the partial fractions can be ob¬ 
tained by applying the following ^ . 

(i'l If the given fraction, say \s not 

a proper fraction, divide F{x) by t.U the 

remainder, say f{x), is of a lower degree than 
If the quotient is (Hx), then 

f(*) 

(ii) Resolve ^{x) into its real prime factors. 

(iii) Equate/(*)/^W to a sum of suitable partial 

fractions in accordance with the mles of the pr - 
ceding article, and multiply both the sides by 4>[x). 

(iw) To determine the constants occurring m 
this identity, equate, respectively, the coeffiemnU of 
the various powers of* on one side to the coefficients 
of the same powers of * on the other side, and solve 
the set of simultaneous equations so obtained. 

* Uniquely means that there wUl be only 
each constant. This point really requires proof, but that 

beyond our scope. 
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In actual practice the simpler rules given in the subse¬ 
quent articles are preferred, becatise they save labmir in the 
numerical computations. 

Ex. Resolve into partial fractie ns 

r3 - 5 

_ ♦ 

Since the numerator is of ilie same deorce as the dcr.(-m- 
inator, -we get on division 




2X--X-7 


(x-\){x -ri)C-v-2) “ (A-1)(.t-t-!)( a--2)• 


2.v-i A--7 


Put 


n 

+ 17—f 7 


c 


(a-1,i(a-1 ^--2 .A- I ' A rl ‘ A- 2 

and multiply both sides by (.v-i;(.v-y 1}(.\ -2i. Then we get 

2;^2-: ,v- 7-.l(.V'ri; (A-2 B'x- \}(x-2) ^ C{.x-] ^a ’ 1). 

Equatijig the cocfRcicnls ol A and the consiai.t terms 
on the two sides, we obtalji 

l = -*l-3i?, -l=^~2A-r2B-C. 

On solving, these give .1=2, B = — \, C — l . Therefore 

.y3-5 .211 


(x~\}{x--i:(x~2) 




.x-1 A-; 1 ■ a-2‘ 


4*31, A Simple Rule. The partial fractions 
coiTCSpondirg to iior-rcpcatccl linear factors in the 
dciiom'nator of the fiacT oii to be broken up can be 
easily fi)uiid by the simple rule derived bclo\\'. 

Suppose we have to resolve into 

partial fractions, and there is a non-repeated 
linear factor a a in the denominator <j>{x). Let 
(l>{x)={x —a)tlf{x). Then the given fraction, i.e., 

(x—d)tlf{x) x—rj 


partial fractions not containing 
V—/7 in the denominator. 
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Multiplying both sides by x — a, we ha^'e 

=^A-h(x —/i) Xpartial fractions not contain¬ 
ing X — a in the denominator. 


Putting 
so that 


x—a in this identity, we get 

A f{a) 

X —a (.r —a)tli{a) * 


Since the right-hand side can be obtained from 
f{x)l{x--a)^i{x) by putting in it x=a evcry\Nhere 
except in the factor .y — rt, wc get the rule; 

To obtain the partial fraction corresponding to the 
factor x~a in the denominator^ put x —a everywhere in the 
given fraction except in the factor x—a itself 

We can, similarly, deduce the rule : to obtain the partial 
fraction Byjix — by^ corresponding to the factor (x—in the 
denominator, pvt x~b everywhere in the given fraction except in 
the factor {x—by. It should be noted that this rule only gives 
Brl{x—hy. Tlic other partial fractions corresponding to 
{x~~‘by should be found by other methods. 


A liulc consideration will show that the rules are true 
even if the given traciion is not a proper fraction. 


Ex. 1. Solve by this method the example of the preced¬ 
ing article. 

Comparing the coefficients of x^ in the numerator and 
the denominator, wc see that the integral part will be 1. As 
regards the partial fractions, wc can apply the rule for non- 
repcated linear factors. Hence the given fraction is equal to 

. 2.1*+1-7 , 2(~1)®-1-7 

2.2*-l-2-7 
'^(2-~lj(2 + l;(x-2) 


1 


1 


2 


1 
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4-32. By substitution of Particular Values* When 
the denomiiiator of the fraction to be broken up contains 
non-repeatcd linear factors only, all the partial fractions can 
be obtained by the rule of the preceding article. But when 
the denominator contains other factors also, additional 
equations arc necessary to determine the corresponding 
partial fractions. 

Although these equations can be obtained as in $ 4*3, by 
equating to zero the coefficients of the various powers of x 
in the identity obtained in step (iii) of §4'3, the alternative 
method of obtaining equations by substituting successively 
convenient values of x in the above identity is easier. This 
method is particularly suitable when only one or ttvo constants 
remain to be determined. 

We may, moreover, apply this method to avoid the labour 
of division when the numerator is not of a lower degree than 
the denominator, as in the example below. 


Ex. Resolve into partial fractions 9x^({x^\)(x’\-2)^. 

We sec mentally that the first term of the quotient will 
be 9Af; let us assume, therefore, that 


i.e. 


Then, by our rule (§ 4'3), 

B=9. l*/3®=l,andi)=9(-2)*/(-2-l) = -48. 
Now putting in (1), we see thatO=^— 

^+JC=13. 

Similarly, putting x = — l, .<44-C=53, 

Solving these two, A = —27, and C=80. 

Thus the given fraction 


x—\ ' A'-f2 (^+2) 


a* 


Note: In the case of proper fractions it is often con¬ 
venient to obtain one of the equations for determining the 
unknown constants by letting x^co (after multiplying out 
bv .v) instead of giving a finite value to a*. 
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Examples 

Resolve into partial fractions : 


1. (5x-H5)/(x-1)(x+ 4). 2. 
3. (*=* + l)/(x*-l). 4. 

5 + _ 

* {x~l}ix^-5x-f6y 

ix~a){x—b){x--c}‘ 

9 ^^ + 3 ,0 

• xix^-\){x+iy 


(7Ar-l)/(l-5x+6xa). 

(l+3x+2:ts l{\-2x)(\-x^-). 

2x^~\]x + 5 
(x-3^{x^+2x-5)‘ 

[Agra, 1950] 

(x +1} {x -T)** t 

4 + 7x 

(2+3x;(l+x)'8' ’55] 


4*33, Long Division for Repeated Fac¬ 
tors. When the denominator of a given fraction 
contains repeated linear factors, we can apply the 
following method to find the corresponding partial 
fractions. 

Let the given fraction be f{x)l<f>{x) and let <f>(x) 
={x—ay^(x). Put X —a =j>; then 

fix) _ /W _ _ /{a 4-j) 

_ 1 Aq ^Ajjy yA^y + ... 

y‘B, 

say, when the numerator and denominator are 
arranged in ascending powers of _y. Now divide 
AQ-\-Ajy-\-... by Bof-B^y and continue the 
process till y becomes a common factor of the 
remainder. Suppose the quotient is 

C'o 

and the remainder is v^(DQ-{-D^y-\-...), so that 

5 TBA 
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A„+A,y+A,y^ + .. . , c,+ • • • + 


Then 


J,x) _ C„ Q _,_ _,_ ^ 

4>(x)- f ‘ ■■■ T 5o+-Si7+- 


f'o : . 


[x—ar [ 

% 

I 

i 


j- ^iri 
x—a 


f * ' • 

^(^) ^ , 

Thus the partial fractions corresponding to (x—fljMiavc 
liccn determined. The fraction 

{Df,-\-Di{x—<i)+ ...]! 4>{x) 

can now be further resolved into partial fractions y 
methods of the present article or of the preceding articles, 

as the case may be. 

Note. The present method is convenient when a 
linear factor is repeated several times in the denominator. 

Ex. Resolve into partial fractions 

6-hl3x-3A^ 

F^T)FfW+^' 

Put x-f-1 —y \ then 
6-|-13x-3x3 
,,.Tlj3(x-l)(x-h2) 


6^.13(y_I)_3(.v-l)- 


1 _4.}-4j+9/^3)* 

~yi • ■ '_2_V+>-2 

Now divide the numerator by —2 —>'+>", till is ^ 
factor of the remainder, as shown below: 

_2-v+v®)“4+4^-i-9y*-3r»(2-3v-2v2 

_-4_2v+2>® 

6jH-7y-3/ 

6v + 3y—3y 

~:\yi 

h--^2y^-2y* 

-2y« + 2v*‘ 
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Then the given fraction 

_2 3 2 2y-2 

y y'^ (j'-2)(>+T) 

_ 2 3 2 2x 

JJTfTy (x + I)a ;c+l'^(x-l)(:r+2)- 

Also, by tlie rule for non-repeated linear factors, 

2x 2.1 , 2(-2) 

(.t-l)(;r+2)”(;.-l)(H-2)+(-2-I)(x+2)* 


Therefore 


64-13X—3x3 


(x-l)(x+2)(x + l)3 
2,4 2 

3(x-r)'^3^+2)’ 


x-fl (x+l)®' (x + 1) 


2 + 


3 * 


4*34. Quadratic Factors* The partial frac¬ 
tions corresponding to qxiadratic factors in the 
denominator can be found by the method of § 4*3. 
But when the denominator contains two or more 
non-repeated quadratic factors, the following 
method will prove simpler. 


Let the given fraction be /(x)/^(x), and let 

Then we may put 

f(x) Ax-\-B , -If’ 

-77-4= ^-hpartial fractions not containing 

^(*) *>+/>*+? x^+px+g in the denominator 


Multiplying by ^(x), we get 

/W + X partial fractions 

not containing x*-\-px-{-q in the denominator. (1) 

If we put x^=^px—q ... (2) 

in this, the second tenn on the right of (1) vanishes. Also 
with the help of (2),/(x) and (Ax-i-^)^(x) can successively 
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be reduced to linear expressions. This new linear relation 
is also an identity, as it has to be satisfied by the iiuo roots of 
(2). Therefore, equating the coefficients of x and the cons¬ 
tant terms on the two sides, we get two equations from 

wliich A and B can be determined. 

% 

Ex. 1. Resolve into partial fractions 

2.V+1 A , Bx-f-C 

Let 1 

and multiply both the sides by (x —l)(.t" + l); then 

2.r ~ 1 =/l -h 1) + (B.v -fC) (x -1). 

Putting A- = l in this, we get A=^; and equating the 
coefficients of x' and the constant terms on the two sides, 


we get 

0=.4d-B and l=.l—C, 

B = -8,C=i. 

2x + l ,( 3 3j:-1| 

(^l)(.x-- + I)“*U-I .v^-rU 

Ex. 2. Resolve into partial fractions 

2.%»+2x*-}-4.t-i-l 


which give 

Therefore 


Let 


2.x3-f2.v2-f4x-M dx-rB , Cr-i-/) 


[AUd., 1959] 


-I-1} (x’-J + .V -!- 0 A’’ -t-1 ■ .V* -F .V + I ’ 


then 


2v-h2tM4.v-i l^(d.v^i-B}(.v=-:-A-l-l)-KCx-h/))(x»-;-l}.(l) 

Putting A® = — .v — l in this, we get 

2.v(_.v-I> t-2(-.v~l)-f-4x-hl=(Cv+£>)(-.r-l-i i). 
or -2.\=-1 = -Ca“—B ix, 

or -~2r-A-l)-l=-C(-A—1)-7 )a, 

or 2 x 4-1 =(r;-i))A - c\ 

This is an identity in x; therefore 

2=C~D and 1 --^C, 
w iiicb iiJN'c 1 and D -- - 1. 
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Again, putting = —1 in (1) we get 

—2x—2+4x+1 =(^x+-B)( —1 +x-i-l), 

2x~\=Ax^-\-Bx, 

2x —I =—A+Bx. 

Therefore A = l and B=2. 

Hence the given fraction 

.r+2 X —I 

“xa+l“''x®+xd-l ' 

Examples 


Resolve into partial fractions : 


3;k8__8x* + 10 
(x-1)* * 

5x8+6x«+5x 
(x»-l)(x + lVa' 
[Nag., ’54] 
x + 1 

2x=-f3x+4 
(x + l)Cx=iH-4) ■ 

x®+>-'® + l 

(x*+2)(x®+3) * 


2x» 


2- ’49] 


10 . ^ 


x--\-x 

(x —l)“(x2+4) * 

3x» + 3 

(x2-l)(x*+x+l)- 

x*+5x*+x 


lAllJ., ’49] 


(^-hl)(x3+l)(^M-l)‘ 


4*4. Expansion of Rational Fractions. 

A rational fraction can be expanded in ascending 
powers of x by first resolving the fraction into 
partial fractions, each of which can then be expand¬ 
ed by the Binomial Theorem. 

Ex. Find the general term in the expansion of 

2x+l 

(x—l)(x* + l) 

in ascending powers of x. [Luekn^w, 1956] 
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By Ex. I of the preceding article 
2x+l C 3 Sat-Ii 

= -§(! -.r)->-K3x-l)(l 

Therefore, the term in x^t* is 

-|,2P4-|^_l)Px»P=i{-3 + (-l)P}A*P, 
and the term in is 

_3.v*P+i-gv(-I)Px*P=-|(-l+'(-l)P+i}x=P+>. 

Hence the general term is 

^{—3-}-( —when r is even, 

and when r is odd. 


4*5. Sammation of Series. When the terms of a 
given scries arc rational fractions, which can be expressed 
as a difference of two (or more) fractions in such a way that 
on addition the fractions in successive terms cancel, the series 
can be easily summed up. 

It should be noticed that the terms are not to be re¬ 
solved into the simplest set of partial fractions, but arc to be 
expressed as a difference of two (or more) suitable fractions. 


Ex. Find the sum of n terms of the series 


1 


.2 


The rth term, say is 




>vhcrc wc have put 
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Treating this as a fraction in we get by the rule for 
-repeated linear factors 

(1 (1 +xz){\ -Jf) 

= (l+xi” T+**i) ’ 

1 /_}_L_'\ 


Therefore Ui4'W2'l‘-*-"^“n ^ 

= {(r+s" T+?)'*' (t4^“ 1+** 

11 
1 +.t'> 1 +*"+' 





1 _I 

l+x"W 


Ex.\mples on Chapter IV^ 


Resolve into partial fractions : 


1. 

(X* + 1)/X(A--1)- 

2. 

xl{x-a)ix~b)ix-c). 

A 

3x^+x~2 

3. 

(x-2)®CI-2-v)' 

A 

.r*-3x®—3x*4-10 

4. 

C.v + l)*(^-3) 

5, 

(5-9x)/(1-3x)H1+>^)- 

6. 

x^l{x~\)*{x^-x-\-l). 

•m 

X2-X+1 

7. 

[x^\)Kx~2)[x^+l)' 

8. 

x3/(x+2)»(x^+2). 

9. 

l/(x*-l-l)- 

10. 

(x*+l)*/C^*+^®^“^)- 


[Nagpur, 1950] 

[Allahabad, 1960] 

[Madras, 1960] 
[Sagar, 1951] 

[Rajasthan, 1957] 

[Utkal, 1952] 
[Gorakhpur, 1960] 
[Lucknow Prel., 1955] 
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Find the coefficient of ic’'when the fcUcwing expressions 
are expanded in ascending powers of x : 



5 

3 -a-- 2 x 2 ‘ 


[Patna, 1949] 




14. 

15, 



17. 

«i 


2x-4 

(l-xa:(l-2x)' 

(l+x'(l+xn- 

4+7x 

(2+3x)^I+x}*- 

3+2x-x2_ 

(l+x)(l-4i)*‘’- 

x24-2 

(x-rl/(x-h2, (xH-3)* 
_ 1 

(1 —ax (1 —bx (1 —fx) * 


[Allahabad, 1946] 


[Sagar, 1948] 
[Annamalai, 1930] 
[Allahabad, 1957] 


18. Brenk (x—2' /(x-|-2' (x—1)* into partial fractions and 
show that the cotfficiert of x in the Bircmial expansion is 

J(-i:"^"-i(3« + 7). [Rajputana, 1949] 

19. When 0<x<l, find the sum to infinity of the series 

(1 —ir,(l -A>) ^ (1 _ A >,(1 -.v*) (1 -a5;(1 - x ^) - • 

[Palm, 1958] 

20. Find the sum of n terms of the series 


x(l —flx'' 

(1 -rx,(] +<2x/(H-aSx) 



ax(\-a*x) _ 

(1 (1 +a*x;, (1 A-a^x) 
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chapter V 

RECURRING SERIES 
5*1. Recurring Series. Let 

Gq +^2X^ + - ■ • ‘ ( ^ ) 

be a series in which any m-\-\ successive coefficients 
are connected by the equation 

< 2,1 ( 2 ) 
where wz is a fixed number and p^, 
constants. Such a series is called a recurring series. 
The equation (2) connecting the successive coeffi¬ 
cients is called the scale of relation of the recurring 
series. 

In particular, the series (1) is a recuri'ing series 
if the successive coefficients are connected by the 
scale of relation 

+/' 2 « n -2 = 0 * 

Thus the series 

l-h3x + 5x24-7A3-i-9A'*+ 

is a recurring scries, for 

5-2.3 + 1 =0, 7-2.5+3=0, 9-2 . 7+5=0, 
and in general, the coefficients satisfy the relation 

<^n “ 2ffn_i + an-3 =0- 

When the scale of relation and a sufficient number of 
terms in the beginning of a recurring serici are given, ^vc ca^n 
find as many terms of the senes as we like. Thus, if the scale 

of relation is 


3<i„_i+2a^-j—0, 


(31 
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and the first two terms arc I and Sx, then, by (3), 

flj=3fli-2ao=3.3-2.1 =7, 

£i3=3a2—2fli=3.7—2.3=15, 

<i,=3fl3-2(7a=3. 15-2.7=31,...; 

and the recurring series is 

\+3x+7x^^l5x^-\-Slx*^... . 

Instead of calling (2) the scale of relation of the recur¬ 
ring series (1), some authors use the term ‘scale of relation* 
to denote the polynomial 

1 -\-piX +/>*** ••• 'r/'m*'"- 

But this definition is inconvenient when dealing with the 
recurring series 

r---) 

obtained by putting 4f=l in (1). Unless mentioppd speci¬ 
fically, we shall use the term in its former sense. 

Ex. Show thaithcseries 2^(5H-3 ")a" isarecurringscrics. 
Here ff„=5-f3" and fln_i=54-3"">. 

Therefore a„—fln_i=2.3"-^. (1) 

Putting n —1 for n in this, we have 

( 2 ) 

Multiplying (2) by 3 and subtracting from(l), we get 

i.c., 

showing that the given scries is a recurring scries. 

5*2. Scale o£ Relation. When a sufficient 
number of terms of a recurring series arc given, 
the scale of relation can be determined from them. 

To find how many terms are required to deter¬ 
mine the scale of relation, suppose that it contains 
two constants. Then we can assume it to be 

''n+/’ia„-l+/’2an-2=0. 
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To determme p, and we can form the equations 

Therefore four consecutive terms are required 
m d^rmine a scale of relation containmg two 

“"arly, if the scale of relation contains 
constants, we can assume it to be ^ 

Se m^uldig'^eril’wiU bemqu^ed to determine a 
Sl of reladon containing m constants. 

r'nnverselv if 2m consecutive terms of a recur- 
ri„g‘'S Sl' elve„, W. ™.y « fte .c^e of 

“I.-! h"™ 'S fo;nfld.'-l/'r So"ofTS" 

rS™ .h.. o 

of the constants Pm-n**’ 

9«4-l consecutive terms of a scries are given, and the 
If 2fn+ . L a recurring one, \vc can assume the 
scries IS ^ ^ But now equations connect- 

scale of relation as down- Any m of these can be 

utg/»!, P«» *'* • * j, ■ and the remaining equation Will 

beltTsfiefbTthe vaiueVdeW^ from,he other »,ua.ions. 

NOT.. U the first 2« -Xnuf tL'^tricros“"?eTutirg 
^criesTy toding TscTe of relation by the above method. 
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But we cannot take 2w-i-I terms at random : the (2m + i)th 

t^erm must satisfy the scale of relation derived from the first 
2m terms. 

Ex. Find the scale of relation of the series 

2 + 3A:+5.t24-9rt:3j__ _ _ 

Let the scale of relation be 

then, since the given terms must satisfy it, we have 

5~!-3/i-f-2y ^0 and 9 + 5/>-l-3^ =0. 

Solving these we get J> = ~3 and ^=2. 

Therefore the scale of relation is 

(7n —0. 

5*3. Sam of n terms. To find the sum of n 

terms of a recurring senes whose sc^le of relation is 

+ ?<2„-2 = 0* W 

Let recurring scries be +a’jA: 
and let denote the sum of the fii'St n terms; Aen 

■^>1 =^o +<J2.>r +... 

pxSn =pa„x +/a,,v= +... 

qx^S^ =qaax" + ... ^-qa,_^x^-^ +?-3„-3A," 

Addirg these, we get 

the cocfficifin of every other power of ;c being zero 
by (1). Thertforc 

1 -{px fqx^ rrpxT^ ’ 

A similar method is applicable to series whose scale of 
reJauon contains more than two constants. 
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5*4. Generating Function. 

be a recurring series whose scale of relation is 

an+i’"n-l+9^u-2=0. (1) 

Suppose only jp, Qq and % are given. Then 
we see by actual division that 

+('Ji (>i±?«o)^+9«i^ 

1 -\-px I 

a»x^—qa^x^ i m\ 

. a-. VJ-/7 (M±9!!i)£l±9M."- 

=«„ 4-aj* H-ajA - j 

=jo+ai* -r • ■ ■ +a„_iA''-i 

+ga„-;)A’'+ga„-iA"+^ 

l+Z-AT + ^A" ■ ^ 

Thus we can obtain any number of terms of the 
recurring series by simply dividing out Jq-I- 
{a^^-pa^x by 1 -\-px-{-qx^. 

This process really amounts to expanding 

^o + (fli+/flo )^ (3) 

\-\-px-\-qx^ 

in ascending powers of x, and the expansion can 
be carried out by any other suitable method, as in 
the examples below. Since the expression (3) 
enables us to obtain the whole recurring series, it is 
known as the generating function of the recurring 
series. 

It is seen from (2) that tlic generating function is 
equivalent to the infinite scries aQ-hfliA'+a 2 .v* + ..- only when 
the remainder after n terms, viz., 

(M.-, 

1 -\-px-^qx^ ’ 
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tends to zero as n tends to infinity; that is, only when the 
recurring series is convergent. In this case the generating 
function and the sum of the recurring scries are identical. It 
can be shown that every recurring series is convergent for 
sufficiently small values of at. 

When the recurring series is not convergent, its sum has 
no meaning, and the generating function is just a formal 
expression which can be used to obtain the terms of the 
recurring series. 

5'5. AppUcatiou to Examples. To obtain the gencr- 

^ scries we may use the formula 

^ j above, or we may suppose the series to be convergent 
and obtain the sum to infinity of the recurring series by the 
method of § 5'3. 

Sometimes we are given the first few terms of a recurring 
^nes and arc required to find the sum of the first n terms. 
For this purpose, first the scale of relation should be found 
and then the generating function. The latter gives on ex¬ 
pansion the general terms, after which the sum of « terms can 
be found by the method of § 5-3. 

When dealing with the scries ^7^ ] which does 

not involve .r, wc must find first the generating function 

ol the senes . After e.xpanslon x can be 

put equal to unitv. 

# 


Ex. 1. I'ind tlu: sum to « terms of the series 

: 3.V-; :uV9.v^-r... . 

!; J'd, the scale of relation of tliis series is 

■r2<7n_2=0. 

rherefore, if the generating function is S, we have 

i’-2 + 3.v4-5Ar=+9.t3+.'.., 

. 3.v5-- -6.y-9.v3-15a»-..., 

2,v'.S' ~ 4a-4- Ga'’+”- - 

Adding and dividing by 1—3 y+2a-*, we get 

2-3a: 




1 —3.v4-2a* ' 
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On resolving into partial fractions, we sec that 

2-3x 1 1 


5==-: 


= 1-L + 


(l-x)(I-2x) 1-x^ l-2x’ 

and the general term is easily seen on expansion by the Bi¬ 
nomial Theorem to be (1 +2”)x". 

The sum ton terms can now be found by § 5'3, or more 
simplv as follows. The first n terms 

' =(l+;c+x'= + ..-l-A-«-i) + (l+2xJ-2ax«+-.-i-2"-^v"->) 


1-X« . l-2"x« 

“ r-x + 1 -2x * 

Ex. 2. Sum the following recurring series up to n terms: 

1 + 13 + 7-1-10 + ... . 

Let the scale of relation be an+y'<^n-i'h?^*ji-2=0; then 
7 + 13/>+(/=0 and 10+7^+135=:0, 
giving ^ = —I and ^ =s 


Consider now the scries l + 13x+7x2+10.ir*and let 

its generating function be S', then 

.y = l+13x + 7.vs+10.v3 + ..., 

—Ax —\®x"—Jx* — 

- Ix^S == - W - • 

Therefore (I —?,x — 

1+Vx i+yx_ ^ 9_ 

4x-*x* (I—x)(l+ix) 1—x 


8 


or 


1+U’ 


on resolving into partial fractions. Expanding each fraction 
by the Binomial Theorem, and putting x = l in the expansion, 
we see that the first « terms of the original series arc equal lo 

9(1 + 1+ 1 + ...to n terms) —8{1 —1 + }—^+ 

’ =.9«-8{1 -i-i)] =9«-V{* -C-J)"}* 


Examples on Chapter V’ 

Show that the scries whose general tcims are given 
below are recurring scries and find their scales of relation . 

1. Un=-A-\Bn-\-Cn\ 2. 7/„ = 3M+4^7. 
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3. Un=iA’\-Bn)2’^x^. 

4. Show that the scries l=*+2»+334’--.+«»+... is a 
recurring scries. 

Find the scale of relation and the generating function 
of the following scries : 

5. l+2x+5^:2 + 14x»-i-... . 6. !+2*+5jt2+12x«+... . 

7. 2-.v+5a-2-7x»+.... 

8. 2+5.T + 10Aa+I7xa-f-26x*-h37;t5^... . [Utkal, 1949] 
Find the nth term of the following recurring series; 

9. 3+54-7+5+.... 10. —J+2+0+8+... . 

11. 2+7a+25a«+91a!»+... . 12. 5-2a+8a2+4a«+... . 

Find the sum to n terms of the following recurring series: 
13. 2+5A+8Aa+Ux3+... . 14, _i+6;^2_j_30;^s_|_ _ 

15. 2 + 6+14 + 30 + .... [Marfrflj, 1949] 

16. 1+2 + 3 + 5 + 7+9 + ... . 

17. 2-5+29-89+.... [JVu^ur, 1949] 

18. Find the nth term of a recurring series of which the 
first four terms arc 

l+2A + 7x3+20A^ 

Find also the sum of the first n terms when x = ~\. 

[J^agpuTy 1948] 

19. Find the generating function, general term, and the 
sum to n terms of the recurring scries 

I—7x— a*-43a8 —... . [Sagar, 1950] 

20. The scales of the recurring scries 

^0 + + il5X* + ... 

are I -\-px-{-gx^ and 1 -\-rx+sx^ respectively. Show that the 

senes whose gcncral term is K + ^n)Anis a recurring series 
\vhosc scale is 

1 +{p+r)x + (q-\-s +/'r)A'2+ C^r+/.i^A'3-+y^.v«, 



CHAPTER VI 


CONTINUED FRACTIONS 


6-L 


Definitions. An expression of the form 



where Cj, ... are any numbers, is called a 
conttnued fraction. For convenience it is written as 


^7 

^2 “f* ^3 "i' 

Wc shall consider, however, only the simpler 
form ^ 


in which Aj, /Zg,... iire all positive integers, except 
that /Zj may be zero. Such a fraction is called a 
simple continued fraction. When the number of 
quotients a^^ zzg, ... is finite, the continued fraction 
IS said to be terminating; otherwise it is called an 
infimU continued fraction. 

The usual arithmetical process of evaluating a 
terminating continued fraction is to simplify the 
frartion step by step, proceeding from the extreme 
right towards the left (or from the bottom up¬ 
wards). Our object in the present chapter will be 
^ obtain approximations to the fraction, starting 
troni the left (or the top), and to study the pro¬ 
perties of these approximations. 

6 TBA 
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We shall regard the quantities 

j ^ -i- ^ ^ 

as approximations to the \'alue of the continued 
fraction 

-U ’ 1 ^ 

They are called the 1st, 2nd, 3rd, ... cnnwrgenls 
rcspcctivcl)’. 

6*2. A Property of Convergents. The 

convergents are alternately less and greater than (he 
continued fraction. 

Let the continued fraction be 


1 1 1 

\sherc, by hypothesis, a^, 
integers. 

'I'hcn the first convergent is 
continued fraction, because the part 


arc all positive 
jess than the 


]_ _1 

is omitted. The second convergent a^-'rl’a.;, 
greater than the continued fraction, because tlic 

denominator is too sn-^U, the part 
omitted. The third convergent +l/(iZ3 tI W 
less than the continued fraction, because a. + lja^i^ 
too great, a part of its denominator being omitted; 
and so on. Hence the proposition. 


U mav he noted that the convergents o 
less and thasc of even order greater than 
IVaclion. 


f odd order arc 
the continued 
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6*3, Conversion into a continned fraction. To 

convert an ordinary fraction min into a simple continued fraction. 

Divide m by n, and let a^ be the quotient and d the 
remainder; then ^ 

m b 1 

Divide n by p, leta^ be the quotient and q the remainder; then 


so that 


n g 1 

^ ,11 
~ — <7^ -- 

" <‘2 + Pl9 


anri can divide p by q, getting a quotient a 

and a remainder r, and so on. Thus, we get 

,11 

T —^1 + 


n * a^-^- , 

Ex. Express 217/502 as a continued fraction. 
By actual division as in 217)502(2 


the margin we see that. 


434 


217 


I 


502 502/217 

= i_J! 2 * 
2-h 3+ 5-f 42 3 



'1)3(3 

3 


7 - ® 7 ^*, Formation of Convergents. To estnh 
Itsh the law of formation of the successive convergents. 

Let the continued fraction be 

_ 

then the successive convergents can be written as 


1 1 
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flao, -f 1 +1) +flj 

1 ’ ■ 

If wc denote the numerators of these convergents 

Pii p 2 } pQi ••• and the denominators by 
... respectively,'we notice that 

Pz^^i+Pi and 93=fl3?2+?i* 

It may be verified that and can be ex¬ 
pressed in a similar way. 

We shall prove by mathematical induction that 

Pn=anPn-i+J’n-2 ^nd q„=a„q„_i+q„_ 2 . (1) 

Suppose that these relations are true for any 
jjarticular value of n. Then the nth convergent is 

^nPn—l Pn~2 

^n9n—1 ~h?n—2 

The (7i-i-l)tli convergent differs from the ?ith 
in having the quotient place of 

Therefore the (n + l)th convergent is equal to 

(«n + > ^"n+I +A^1 

("n + ' /'*n+ 1 ) + 9n_2 ^n +1 (<^11911-1 + 9n-2) + 9n-l 

= by (1). 

"n+l9n+9n-l 

Hence if wc put the numerator equal to p^+i 
and tlie denominator equal to (/n+j, then p^^.^ and 
*7n+i given by the same rule as (1). 

Thus, if the law (1) is ti*ue for the nth conver¬ 
gent, it is also true for the (n + l)th convergent. But 
wc ha\'c seen that it is true for the third convergent; 
hence it is true for every \'alue of n. 

I'x. If/'n^7n h the nth convergent ol' 

^11 1 

a„-i- 
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show that _!_? 


1 1 


and 


Pn-i 

9n 


^n-l + ^0-2 + ^2+^1 

I 


9n—i ^n —1 H~ ^n -2 H 


1 1 

r ••• ^ . \_Gorakhpnr^ ’^9] 


Since /’n—fln^n-i+^n- 2 , therefore 

^n-x 


^n-i—'^n-i/'n-z+Z'n-sJ therefore 


1 


/^n-i __ , 

Pn -2 ""'^^Pn-tlPn^t^ 


so that 


1 


1 


Pn , __ 

Pn-i " + Pn~z!pn~z ' 

rrocecciing in the same ^vay, we get 

>'11 


(0 


( 2 ) 


Pn~\ " ‘ <?n-i + an -2 "f- ‘ pzfp^ 

Now At—;£i P^ <^ 1 ^ 2 + 1 

?I 1 ?2 ■ 

= + hl/^i. Substituting this 

in (1), we obtain the first result. ® 

we ^^°^>n=''n7n-i-|-5'n-2. and proceeding as above, 

1 J 1 

‘7n-l " "n-i + *'* (Is+?•/?! 

(2)- 

6'5. Relation between successive con- 

vei^ents. If pjg^ be the nth convergent of a continued 
Jraction^ then 

Pn9n~l ^nPn~l “( !)”• 

Let the continued fraction be 
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then 

=(^n-l4-^n-2)9n-l —(^n?a-l+yn-2)A-l 

■ C 0 (^n~l9n—2 9n—lPn—^ 

^ ^ ) ^(^n-29ii-3 9n-2^n-3)) 

similarlyj and a repeated application gives 

Pn9n-1 ~qnPn~l={ ~'^T''^{p29l ~?2^l)* 

But Pt=a^i ^1 = 1) A=^i ^2 + ^) so that 

p2.^i ~^^zp\ =(^i^2"f~l) — a^a2=\ =(—1)^. 
Therefore 

Pnqn-l-qnPa-I=(-l)". 

This formula will also hold for continued fractions in 

\vhich is zero, provided that l/tZo is reckoned as the second 
convergent. 

Cor. 1. and cannot have a common 
factor; for, .f they have one, it will divide pn^n-x 
^ 9r\pn~ii that is, unity, winch is not possible. 
Therefore every convergent oj a simple continued frac¬ 
tion is in its lowest terms. 

Cor. 2. The difference between the ?ith and 
the («—I)th convergent is 

P:^,..^^r\~P'^^r\~\'^^-nPr\-x _ ^ 

?n ^n-l ln^n~X !7n?n-l 

Ex. Show that = 

We see that 

/'n7,i-3—7n/'n-3 = ('Jn/'n-i'f/'n-2Vn-3—(^^n9n-l + ?n-s)/'n-3 

='^n(/'n-i?n-3—^n-i/’n-a) + C/'n-2?n-3—ffn-s/'n-s) 
^n{(^n-i/'n-3'f^n-3 ?n-3 

~ (^n-l'7n-2 + ?n-8Vn-8} + ( — 1)"-“ 



COMPLETE ^iUOTlENT 

Examples 
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G. 
7. 


Convert the following fractions into continued fractions: 
I. 798/383. 2. 427/2166. 

3. 3*743. 4. 0*3118. 

Calculate the successive convergents of 

5 24- *_LJ L* 

5-h 14-2-h 94-3* 

i_ JL I 11 

2-f-24-3.4-l4-2-f-3T2* 

A metre is equal to 39-37079 inches. Show by the 

theory of continued fractions that 32 metres are nearly equal 
to 35 yards. 

8. A mile is equal to 1-60934 kdometres. Show that 23 

miles are nearly equal to 37 kilometres. 

9. Express(2a^-.a-l)/(2a=_3.z) as a continued fraction. 

10. Express _ _g"4-6 flg4-13a-h m 

a<4-6a34-14a34-I5a-^7 

as a continued fraction, and find the third convergent. 

11. Show that Pn-\ _ Pn 

* 70+1 “**< 771-1 

fraction, 

and the corresponding quotient, show that 

/'n-f2?n-3'^/'n~27rH2^<^n+2«n-f2<^n + <?n-j-2-T-ff„. 

6-6. Complete Quotient. Let pjq^ be the 
wth convergent of the continued fraction 

11 11 




then 


^2+ 
Pn 


« • • 


= ^ . ^L. J_ 1 

(7n ^ ^2 ~f" ^^3 " iZ_ ‘ 


a) 


The continued fraction (1) differs from pjq 
m having rni in 
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1 


1 


( 2 ) 


^n+lH- ^n+a+’*’ 
in the place of For this reason a„ is generally 
called the «th partial quotient, while (2) is called 
the nth complete quotient. 


Since = 

W'C can obtain the value of tlie continued fraction 
by replacing a^ by the complete quotient. Thus 
if X denotes the value of the continued fraction 
and k that of the complete quotient, we get 

_ ^Pn-\ 

6*61. A Property of Gonvergents* Each 
convergent is a closer approximation to the value of the 
continued fraction than the preceding convergent. 

Let X be the value of the continued fraction, 

Pnhn and /'n+i/^n+i two successivc convcr- 
gents. Then, if^ is the (n-}-2)th complete quotient, 
we have 


A* = 


-^Pn 


^?n+l+yn* 

Therefore — =r 

?n 

* . . (I) 


(%n+l+yn)S’n' 


^n+l‘ 




n+1 


1 


(*?n+l+?n)? 


n+1 


( 2 ) 
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Since k>l and qn<gn+i> (i) greater than 
(2). Therefore, /»n 4 i/?n+i ’s ^ closer approxima¬ 
tion to X than the preceding convergent pjqn' 

* Cor. 1. Each convergent is a closer approximation to the value 
of the continued fraction than any of the preceding concergents. 

Gor. 2. Combining the result of the above article with 
that of § 6*2, we see that the convergents of odd order are all less 
than the continued fracliotiy but increase steadilyy while those of even 
order are all greater than the continued fractioHy but decrease steadily. 
Thus the value of the continued fraction lies between any 
two successive convergents. 


6*62. Limits to Error. To find limits to the error 
made in taking any convergent for the continued fraction. 

Let pjqn be the «th convergent and x the value 
of the continued fraction; then the numerical error 
in taking pjq^ instead of x is x^pjq^. 

If k is the (K+2)th complete quotient, wc ha\c 

„__ ^Pn-^X~^Pn 


Therefore the error, i.e., x<^pjq^ 

_ (f^Pn+l +/*n) C^gn+1 + qn)Pu _ _^_ 

(*?n+l + ?n) + ^n) 

Sinceyt>l, so qjk<.qn and the enor is greater than 


1 

?n(?n+l + ?n) ‘ 

Also, by (1), the error is less than 



^n?n+l 


( 3 ) 
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Corollary. We find by (3) that the error is less than 

^ n C'^n+l^'n “T ?n-l ^ ■ 

or, less than l/an+aqn”-. W 

This is small \vhen < 1^+1 large. Therefore, if any oj 
the quotients is very large, the convergent just preceding it gives a 
fairly close approximation to the continued fraction. 

Of course, taking even one more quotient will give a 
better approximation (§6*61), but the labour involved will 
l)c out of proportion to the extra accuracy gained. 

From (4) we also sec that the error is less than l/^„®. 
This can be taken as a rough upper limit to the error. 

Ex. Find a good approximation to the value of tt, given 

that 


. , 1 II 

n — rrT-r i 


I 


1 1 


74 - 15-f l-h 292+ 1+ 1+ 

The fourth convergent, which precedes the large quotient 
292, would give an easily calculated good approximation. 
Its value is 355'! 13, and the enor is less than 

1/292 X 113«, i.c., 0 000,0003. 


6*63. Another Property of Gonvergents. A comer- 
gent is nearer to the continued fraction than any other fraction whose 
denominator is less than that of the convergent. 

Let />n/‘7n ^riy convergent of the continued fraction .v, 
and let rjs be a fraction whose denominator is less than 

^\'e have to show that pn!<}n Is nearer to x tJian is r/r. 

Proof. If possible, suppose that rjs is nearer to x than 
Pniqn' Then r's is nearer to x than the preceding conver¬ 
gent /'n-i/ffn-j also (by § 6-61). 

Now the convergents are alternately less and greater 
than the continued fraction, so that x lies benveen pn-j!^n-i 
and />nVn- Therefore rjs, which by hypothesis is nearer to 
than eitheror also lies between and 

Pn 

^ 9n-i 9n ^n-i * * 9n9n^i 


Hence 
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Multiplying the first and the last members by 
get 


which shows that an integer is less than a proper fraction. 
As this is not possible, pnign niust be nearer to x than rjs. ^ 

Ex. Itpjq SLndp’fq' be any two consecutive convcrgcnls 
of a continued fraction .r, show that 


Pt < 

qq'> 



according as - 

q 



l^BanaraSy 1960] 


Let k be the complete quotient corresponding to the 
convergent next after p'jq'l then 

_ kp'-hp 

Therefore ^4 

qq qq (kq +(/)- 


_ 9'ipq'—qp’) -k-pqip'q—q’p) 

qq'ikq'-^q)^ 

_ t^^P‘q’—pq)W~qp*) 

qq’W-\~q)^ 

Since ^>1, p'>p and q'>qy therefore k^p'q’—pq is 
positive. Hence is positive or negative accordin<' 

as ® 


pq' —P'q 



or 


P>P' 

q <q'’ 


Examples 


1. A kilometre is equal to 0-62137 miles, nearly. Show 
that 5/8, 18/29, 23/27, 64/103 are successive approximations 
to the ratio of a kilometre to a mile, and find limits to the 
error made in taking the first and the last values. 


2. If 


Vn=3+ 


J_ 1 1 I 

3+6-h 3+64*'" ’ 


leow that the error made in taking the fourth convergent 
sssh than 0-00005. 
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3. Find an approximation to 

,+ .L_L L-L-L 

* + 3+5+ 7+94- 11 + "* 

which differs tVoni the true value by less than 0*0001. 

[AllaMtid, I96i] 

4. Giv’cn that 1 kilogramme=2*2046 pounds, show that 
a weight of 44 kilogrammes is slightly greater than 97 pounds, 
the error per kilogramme being less than half a grain. 

5. Find the convergent, the denominator of which docs 
not exceed 1000, which is the best representative of the con¬ 
tinued fraction 

I I 1 L 

1+ 2+3+4+*" 

and show that the error in adopting this value is less than 
1 X 10”® and greater than Jxl0“®. [U.P.C.S., 1960] 

6. Show that the error made in taking the /ith conver¬ 
gent continued fraction lies between 

^ii +2 '?n9n+2 and (^tn +2 T l),^<7n??H-a- 

6*7. Recurring continued fractions. If in 

an infinite continued fraction a fixed number of 
quotients are, after some stage, repeated again and 
again, the fraction is known as a recurring conti¬ 
nued fraction. 

A simple example of a recurring continued 
fraction is 

in wliich the quotient a is repeated again and again. 
Ifj^n/?n the «th conveigent of (I), then 

Pn=apn-l+P„-^ + ?„-o, 
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for every value of n greater than 2. These equa¬ 
tions give a scale of relation, showing that 2Jp^ 
and are tw'O recurring series. This property 
can be used to determine the nth convergent of 
(1), as in Ex. 2 below. 

To find the value of the continued fraction (1), 
put it equal to x; then 

x—a-\-ljx. 

This gives x-—ax— 1 =0, 

or _ x = ^^{a+^/{a^^4)}, 

the negative root being inadmissible. 

A similar method can be applied to find the 
value of any recurring continued fraction. 

The student should note that infinite processes do not 
alwa.ys have a meaning (see §7-1). But in the case of an 
infinite simple continued fraction, the successive convcrgenls 
continually approach a definite value, which can be regarded 
as the value of the continued fraction. 

E.x. 1. Find the value of -!- 

1+ 3+ 1-r 3-f ■ 

Let tlic value of the continued fraction be x. Then 

1 ^3H-x 

l+S+A- 4 +a* 

or ;f2^3^_3^0. 

Therefore ^=K—3d-\/21), 

the negative root being inadmissible. 

Ex. 2. Find the nth convergent of 1 H—?-1.- J_ 

® 2 + 2 + 2 - 1 -““ 

Lct/»n/< 7 „ be the nth convergent, and consider tlie two 
series and 

Since the successive convergents of the given continued 
fraction are 

h B» 2> ••• > (IJ 
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therefore 2>„A:"=^+3.v»-f7Ar*4-I7;r<-l-...+/»n*" + ---, (2) 

and 2’?n-v"=^-l-2x2+5;»^ + 12x« + ... + j„x»' + ... . (3) 

Scries (2) is a recurring series with the scale of relation 

Pn 2/>n_j Pn-% =0. 

Therefore, if S is the generating function of (2), %ve 
have 


.9=A4-3Ar2-f7^3+17jr«+..., 
-2xS= -2a2-6a*-14a«-..., 
and -- 3.v«- 

whence, on addition. 



.V-f A-2 


Resolving this into partial fractions, "we get 
S=-\^ 


1 — 


KV2-1) K A/2-fl) 

.Y-(v2-l)'*".r-h(\ 2 + 1} 

* 1 


+ 


(v2-r 1 )a—1 ' (V2-1)a4-1 

--1 ' ^1* (a' 2 rv2-l;A}-+ 

This on expansion generates (2). Therefore />„, i.e., the 
coomcient of a", is 


K\/2+l)« -l-J[_l)n(^.2-l)". 

Proceeding similarly, we find that the generating func¬ 
tion of series (3) is 

J.V'2-I , v'2 + 1 ) 

-2.v-a^ 2v2t.r-(v2-l) ' .v-|r(y 2Trjl 

.= (1 '2\/2) [ (1 - . 2 : !5.v}-i -{1 -I- 2 - l).v}-J]. (4) 

Therefore q„, tlie cocfHcienl of a" in the expansion of (4) 
= (l'2v2)[(%'2-; I,"-(-l)”(^/2-l)''J. 


Hence 


the inh convergent pn'</u 

V2{(v/2+l)" + (-l)'’(-v/2-I)"} 
(V2 + l)"-(-l)”"(v2-l)'’ • 
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6*8. Conversion of a Quadratic Surd. Quadratic 
surds and irrational numbers can be easily converted into 
continued fractions by the method given below, ^\■hjch is 
essentially the same as that of § 6*3. 

Let A' be the given number, and let 

wlicre ai is the integral pan of x and l/i/j is the remainder. 
Evidently, so that ^i>l. Let 

^ 1=^2 4 - 1 /^ 2 > 


where Oo is the integral part of and l/^g is the remainder. 
Again, broken up into the integral part and 

the remainder l/d^; and so on. Thus 


A. ^ 1 ’ 


1 


1 




Ex. Express as a simple continued fraction. [.4j'ra,’55] 

Since 2<\/7<3, the integral part of is 2. Hence 
wc have 


^/7-2 + (^/7-2)=2^- 

W-1 _ ^_6_ 

3 ' ' 3 ‘ • 3(V7-i-l) 


a/7-1-2’ 


= l-f- 


. V7-l_ 

9 —* I 2 ~ 


yi+i_i.i-V7-2_ ^ 

3 ” ' 3 ' ' ' 3(V7H-2) 


V7H-1 

^2(v7+t; ^V74-1 

^ =1+ ' 


V7+2 


> 


V7 4-2 ==4 -h (v^7 -2) -4-i- ; 


( 1 ) 

( 2 ) 

(3) 

(■^) 

(3) 


after which the steps (2) to (5) repeat themselves. Therefore 

1111 


\/7=2-{- 


r+ i^- fH-4-h 


the last four quotients being repealed again and again. 
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6*9. General Gontiiioecl Fractions. 

tinned fraction 


For the con- 


a 


e 


^4 


^ 2 + ^3 4 * 

the successive convergents are defined to be 


(1 




^1- 


b. 


a 


ho h- 


a 


a 


The law of formation of the /Jth convergent />n/^n 

/’n“^nPn—l4'^n/’n-2> ?n~^n9n-l4“^'n'7n-2- (0 

The proof is similar to that of § 6 4. But, for the general 
continued fraction, pjqn is not necessarily in its lowest terms. 

Most of the problems on general continued fractions can 
be solved with the help of relations (1), but sometimes it 
is simpler to proceed from first principles, as in the example 
l)e]ow. 


Ex. Find the «th convergent to 

... . [Bnnarns, 1949] 

Let pn q,x denote the wth convergent; then 

/'2_2 p2_3 
9. 2*73 4*-' 

We notice tlial for the first three convergents 

Pn:qn=riXn-\\). . . . ( 1 ) 

Suppose tills is true up to a particular value of «; then 

9 *- 9 ^ ...to(H-hl) quotients = * ^ 

1 _ « M 

This is of the same form as (1). Therefore, if (1) is true for the 
Kill convergent, it is true for the (K-r-l)th convergent also. 
But wc have seen that (1) is true for the third convergent. 
Hence it is true for all the succeeding convergents. 
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Examples 

Find tlie value of the follo^ving recurring continued 
fractions : 


1 . 2 + 
2 . 1 + 


-L _L 

l+4-i-4-r4H- 

1111 


• • 


2+ 3+ 2+ 34- • 

111111 


[Agra, 1946J 


1+1+4+1+ l-r 4+- • 

4. Prove that, if each fraction contains n elements. 


^ 2_ J. 

5. If 

J_ 1 

bab-\- a 
prove that bx=ay. 


1111 


• • • 


2 + 4 + 2 + 44 -- 


• • • 


A=0 + 


and>»=6 + 


1111 


fl + i+ a-{- b-\- 

[Allahabad, 1957] 

Convert the following surds into continued fractions : 

6- "v/S. 7. -y/Q. 

VIO. [Agra, 1949] 9. 

Show that V(«^ + l) =<.+ 2 ^ 2?+ 2^ 

11. Prove that the nth convergent of 2 + 2 ^ 2 ^ ... is 

{(1 +V2)”+^-(l -V2)"+i}/{(l +V2)"-(1 -V2}"}. 

O Q Q 

12. Find the nth convergent of „— - —r—... . 

2 + 2 + 2 + 


8 . 

10 . 




Examples on Chapter VI 
1. Find the value of 

1 1 1 1 I 1 


7 TBA 


3+ 2+ 1+3+2+ 1+ • 


[Rajputana, *50] 
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2. Two scales of equal length are divided into 162 and 

209 equal parts respectively; if their zero points be coinci¬ 
dent, show that the 31st division of one and the 40th dnTsion 
of the other are nearest. [JVa 5 />«r, 1954] 

3. If —+ is converted into a con¬ 

tinued fraction, show tliat the quotients arc n—1 and n + l 
nlternately, and find the successive convergents. [Sagar^ M8] 

4. Show that 

' * —V * r ... to 2n quotients') 




1 


^ V ...to 2n quotients. 


.rgi- ax^-\- a' 4 -:- 

5. if Mij\, Pidy R;S arc the «th, («-l)th, (n-2)th 


I ^ W V V 

convergents of the continued fractions 


I 


1 


1 


1 


1 1 


1 


1 1 


’ ^a'l’ ^3~i“ * . ^3 ^ ^5 ‘ 

respectively, show that 

M=a^P~\-Ry 

6 . Siiow that the difference between the first and the 
«th convergents is numerically equal to 

71*73 7373 ‘ 7:i7l • / inrr\i 

[Rajast/wHy 1960j 

7. If/>n^7n convergent of 

i 1 1 

a . a a r 

.sliiiw that 

(>' /'n“ -rpn-, l' l /'n ■ l PnPu^ 3» 

(d) />n = 7n-l- 

0. If pj^n convergent of 

1 1 I 1 1 1 

a-r b .a'h: a , b 

sliow that 

/’ni2 [-2 \pj^-r Px \—2 ~ 7iit2““ 

[Agray 1954] 


195C»J 
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fractfon convergent of the continued 


show that 


JL \ 1 

^2n—p2n+i> ?2n-i = (^/^)/'2n- 


10. If pjq^ is the «th convergent of the conliiuicd 
fraction 

-L -L J_ _L L J_ 

«+ *+ c+ a-\- b-\- c-\- ■"* 
show that p^^.^=bp^^J^(bc-\-\)q,^. 

11. Itpjq^^ and />n-i/yn-i the last and the last but one 
convergenis of 

1_ J_I 1 

a+ 64-<r-h "'k+r 

show that 

* ... JL -L J^UPni.±PK=} 

a+6+c-1- l-\-a-\~ b-{-c-{- k+ I ?n“d-/>n?n-i* 

[J^^agpur, 1949] 

12. If/»n/<7n the «th convergent of 

1 1 1 

a+ a+ (2-h "■» 

show that/;„ and are respectively the coefficients of .t''in 
the expansions of 

A- , ax-\-x- 

1 —ax ~x^ 1 —flx — x^ 

Hence show that /»„=^„_, = (a'‘-yS";/(a-^) where a, 

^ arc the roots of the equation t'^—at~l=0. 

lAllahabad, 1952] 


. . -Ll^Pn'^n+PPnri 


I 
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CONVERGENCE OF SERIES 

7-1. Infinite Series. Let be a function of 
71, which has a definite value for all positive integral 
values of n. Then an expression of the form 

r/] Mo'V • ■ • T“I -• * ■) 

in which c\ ery tei'ni is followed by another term, 
is called an infinite series. The above series is 
denoted bv 

4 


■n 


or 


and the sum of its first 7 i terms is denoted by 

An oxaniplr af an infinite series is tlie geometrical scries 

1 rl rCV)- (U 

Let ns consider tlic sum of its first n tenns. For this series 

'’n ■“ VI’/ ? *-’* “ •’u — vU/ 

\Vc see that when n gets larger and larger, becomes 

smaller and smaller. By choosing n sufficiently large, 
can be made as small as we please; and thus 2—J'n can be 
made as small as we please. VVe express this fact by saying 
that approaches the limit 2; or, that the limit of in> ^ “ 
tends to infinity, is 2. A series like (1), for which tends to 
a finite limit, is called a convergent scries. 

Xo\v consider the infinite series 

I ; 2-;-2-n-2^-, .... (2) 

In this case Jn~2” —1. As « increases, also increases; and 
by choosing ri siifTieienily large, can be made to exceed any 
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given number, however large that number may be. We ex¬ 
press this by saying that tends to infinity as n tends to 
infinity. A series like (2) is called a divergent series. 

There is a third type of series: consider for example 
or 1 —3-1-5 —7-1-9 — 

In the first series is equal to 1 or 0, according as n is odd 
or even. In the second scries is alternately positive and 
negative, while numerically it goes on increasing as n in¬ 
creases. Such series, in which the sum to n terms fluctuates 
from one value to another, or from a positive value to 
a negative value, and docs not approach a limit, arc called 
oscillatory scries. 

Rules of algebra, like addition, multiplication, etc. 
cannot be always applied to infinite scries. For example, 
denoting the series (2) by S, and writing 

*S = I“1-2-{"4*1-8"I" 16"1- 

we have 25= 2-1-4-1-84 16-1'••• • 

By subtraction we get 5 = —1, which is absurd, since all 
the terms in S are positive. It can be shown that the addition 
of two infinite series is valid for convergent series only; and 
their multiplication is valid for a particular class of convergent 
scries. For this reason, it is of importance to find out whether 
a given series is convergent or not. 

7*2. Limits. In the illustrations above we have intro¬ 
duced the concept of limits. But we must define precisely 
what we mean when we say that tends to a finite limit as 
n tends to infinity. 

In an infinite series the general term is a function of ri. 
Therefore the sum of the first n terms, is also a function of 
n. When n varies, will also vary. Now suppose that n 
takes successively larger and larger values. It may then 
happen that the corresponding values of continu^y ap¬ 
proach some definite number s. In this case we say that Sn 
tends to the limit r as n tends to infinity'. But this definition 
is not very satisfactory. Firstly, yve are using a geometrical 
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notion \vhen %ve say that approaches j. This can be avoid¬ 
ed by saying that the differei ce benveen and s becomes 
smalJer and smaller. Since we arc concerned with the nu¬ 
merical smallness of the differerce, wc say that 
J’n—^/taken positively, becomes smaller and smaller. 

But how small should |r„-jl become ? For the scries 
fl) ol the precedug article is 0’063 for n=5, 0*002 

lor « —10, 0*00006 for n = 15, and so on. It is clear that by 
taking « sufficicr:Uy large, [s^-s] can be made as small 
as we please. For example, by a suitable choice of « 
can be made less tlian 1/1000; it can be made even 
less than 1/1,000,000; in fact, it can be made less than any 
positive number e, how’ever small e may be. 

Therefore we can give the following definition. If 

luiving chosen nny positive number ho^vevc^ smali. 
we have 

\sn-s\<€ 

lor all sufficieruly large values of w, is said to have the 
Jmiit s as « tends to infinitv. 

t 

This definition is satisfactory except for one point. It 
has not been made clear how large n should be. This can 
>e clone as follows. Consider again the scries (1) of the 
prcccdu-'g article. For this series Thus 

'vhen n=o. 6, 7, 8, ..., respectivelv. 

1 herefore il we ctioose e as 

j-tn >^1 

when n is 5 or greater than 5. If we choose any other value 

ol e, say wc can again find a number, 8 in this case, 
such that 

kn—Ji< for«>8. 

^ Similarly for any other convergent scries, when the 
arbitrary positive tnimbcr e has becn'choser, wc can find a 
positive integer .A such that is less than e for all 

\ allies of n greater than or ecjual to Therefore %ve have 
ihc followang precise definition of the limit of which is a 
litnction of n. 
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Ify having chosen any positive number e, however small, we can 
find a corresponding positive integer JS', such that 

l^n—j|<efor n>JV, 

Sn is said to have the limit s, asn tends to infinity. 

7*21. Remarks, (i) In the above definition, JV de¬ 
pends upon the value chosen for e. This is clear from the 
example which has been given. The smaller the value 
chosen for c, the larger will be the corresponding value of 

But JV will always be finite. Therefore the inequality 

\Sn~s\<e, 

is satisfied for all except a finite nxmiber of values of «. 

(ii) The inequality 

K—J|<^» 

shows that* ^<€ and also 

i.e., and «. (1) 

Therefore, putting e=a in (1), we sec that, ybr all 
except a finite number of values of n, 

where a is number less than s. 

Similarly, putting in (1), wc see that, for all 

except a finite number of values of n, 

where b is any number greater than s. 

(iii) We use the notation 

lim„^^ or briefly, liin s^—s, 

to denote that the limit, as n tends to infinity, of s^ is s. Wc 
also say that tends to ^ as n tends to infinity, and ^^Titc 
as n->co. 

7*22« Infinite Limits. It may happen in some cases 
[e.g., in the series (2) of §7*1] that may go on increasing 
as n.increases; and by taking n sufficiently large, can be 

♦Of the t^vo quantities —s and s —one will, of course, 
be negative. 
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made to exceed any positive number A, hov’cver large A may 
be. In such cases, we say that tends to infinity as n tends 
to infinity. A precise definition can be given as follows. 

Vi chosen any positive number A^ however large, we can 

Jind a corresponding integer jV, such that 

we say that tends to infinity as n tends to infinity. 

Similarly tends to minus infinity if i-„ is negative and 
can be made less than any negative number —.4, liowever 
large A may be, by taking n sufficiently large. 


J of Limits. Just as we have defined 

the limit of r„, similarly we can define the limit, as n tends to 

infinity, of any function of/i. Such limits arc often easy to 
find. Thus ^ 

since (!/«) —0 can be made as small as we please bv taking 

sumcicntly large. ' ® 

We shall frequently employ the following propositions 
on limits which may be taken as axioms. In what follows, 
always denotes the limit, as n tends to infinity, 

otf(n). 

Ifiim/j(«l and lim /^{n) ~b, then 

(i) lim 

(ii) 'lim {/ifn) -f^lri',}=a-b, 

(iii) lim where k is a constant (i.e., 

does not depend upon n), 

(iv) ]im{/j(n) .fM)=ab, 

(v) lim {/i{n]lf 2 {n)}~a/b, provided that i=£0. 

(vi) Iffj^^nj </*(«}, lim/j(n^ =^liin /z{n). 

When / («) is less than for all values of n, the 

^udent tliiiks that shci.ld be less than lim/.Cn). 

This may be so, but ]im/j(n) can also be equal to lim/ 2 (n). 
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For example, l+l/n<l+2/n, but 

lim(l+l/n)=lim (I +2fn), 
both being equal to unity. 

We evaluate below some well-known limits. 

(1) If^ is positive, nP tends to infinity and l/nP tends to 
zero as n—^co. This follows from the definition. 

(2) If x<l, x" tends to zero as n-vco. 

If x>l, x" tends to infinity as 

(3) lim(logn)/w. Putlogn=/then f->co as n-*o>. Also 

logn i t 

n l+/ + ^(T:f(T/3l)(8_|_... 

I 

"(l/O-f 1+*<-H(1/3!)1 e*+..'.* 

^vhich can be made as small as we please by taking t suffi¬ 
ciently large. Therefore 

a> {(log n)/ n} = 0. 


(4) To evaluate lim {A{n)!f^{n)} when /j(«) and /^(w) 
arc both algebraic functions of n which tend to infinity as 
n-xx)^ the numerator and denominator should first be divided 
by a suitable power of «, as in the example below. 


Ex. 1. Find lim. 

VeZn^-fSn-f 1) 

Dividing the numerator and the 
we get 


denominator by «, 


V(2n»+3rt+l) “"V{2 + (3/n)-f (l/n*)} ’ 

since 3/« and l/w* both tend to zero as n tends to infinity. 


Ex. 2. If x<l, show that lim n.v^s=0. 

Since x<l, so (l/x)>l. Therefore tends to in¬ 

finity. Now put (I/x)"=/. Then l~>co as rf-^oo. Also taking 
logarithms, we have 


nlog(l/x) ^log orn = 


log< 

log(l/x)- 
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Therefore nx^~ 


n 


_ logt 


Ofx)^ t\og(^\lxy 

Also (log()/<->0 as by (3) above, and log {Ifx) re¬ 
mains constant when n and / change. Therefore 



7*3.^ Definition o£ Convergence* An infi¬ 
nite series 

+^3+“a + • • • + 2/n + • • ■ 

is said to be convergent if the sum of its first n 
terms, tends to a finite limit as n tends to infinity. 

If j’n tends to plus or minus infinity as n tends to 
infinity, the series is said to be divergent. 

If does not tend to a finite limit, or to plus or 
minus infinity, the scries is said to be oscillatory. 

In the last case the value of Sn fluctuates, cither Adthin 
a fmile range, or the numerical value of tends to inlinitv 
whUc Its sign IS alternately positive and negative. In the 
toimcr case the series is said to oscillate finitely^ and in the 
latter case it is said to oscillate infuiiuly. 

^Vhcn a series is convergent and 

lim =r, 

s is CiUIcd the sum of the series to infinity. 

Series which diverge or oscillate arc often said to be 
non-convergent. * 

♦The student should note that the words ‘divergent’ 
and ‘oscillatory’ arc used differently by different Asriter*. 
Some Avriters regard ‘divergent’ as equivalent to ‘non-cor.ver- 
gent’; Avhilc some call a series ‘oscillatoiy’ cnlv if it oscillates 
fiuitely, series Avhich oscillate infinitely heirg classed as 

divergent . But the classification given in tliis borjk is the 
one generally used. 
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Ex. Show that the series I+r«-i+...(r>0) 
is convergent if r<l and divergent if r>l. 

^Vc have J„ = (l —r")/(l —r). 

If r<I, r”->-0 as n-MX), and therefore Jn->I/(1—r). 
Hence the series is convergent for r<l. 

If r>l, we can write = —*)/('■ —I)- As rt->oo, 

rn_^co, and therefore also ->oo. 

Hence the series is divergent for r>l. 

If r=;I, the series becomes l + I + H-..., and j„=«. As 
n—><x>y and the series is divergent. 

7*31. Some general theorems. We shall find ihc 
folio .ving general theorems on infinite scries useful. 

(1) If the scries Ui-f-t/g-f--** is convergent and has the 

sum Sy then the series is convergent and has 

the sum a-\-s. Similarly the scries a-f i + 

is convergent and has the sum a->rb-\-...'^k-\-s. 

(2) If the series t/i+Wgd**-* is convergent and has the 

sum Sy the scries is also convergent and has 

the sum j—Wj—Wg —...— 

(3) If the series t/iH-Wa-f... diverges or oscillates, then 
the other series considered in (1) and (2) do the same. 

(4) If the series Wj+i/g-f... is convergent and has the 
sum Sy then the series ku^-\-ku 2 ~\- is also convergent and 
has the sum ks. 

(5) If the first scries considered in (4) diverges or oscillates, 
so does the second, unless k—0. 

The above theorems are almost obvious and may be 
proved at once from the definitions. We can also enunciate 
them in the following way. 

The nature of an infinite series remains unaltered by the addition 
or removal of a finite number of ternUy or by the multiplication of 
each term by a fixed number (y^O). 

(6) The nature of an infinite series of positive terms in un¬ 
altered by grouping the terms in brackets in any way to form neiu 
single ter7ns. 
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The theorem may not be true for a series whose terms 
arc not positive. For example, the oscillatorv' series 

can be grouped os 

^vhich is a convergent scries. 


Ex-vmples 


Find the limit, as n tends to infinity, of the following : 

2 . 


3. 

V(2«2+3);. 


4. 

(n® + 4/1 +1; / (5/1 

4 3). 

5. 



6. 

(log n)2;\/n. 


7. 

Show that 

for all values 

Ill .t 






-0. 

[Annavialai, 

1950J 

R. 

Evaluate 






(i) 

[vTn(«+i)}- 

-n]. 




(ii) limn_^^ 

r{log (n+l)- 

-log «}. 

[Ms^'sore, ’48-49] 


By considering the sum of the first n terms, determine 
whether the following series arc convergent or divergent: 

+ 10- l-'r2-f 3 + 4-1-.... 

11. l+2;c + 3,v»+4A-a+...,if l.vl<l. 


12 . 


(m-; i)(ffi + 2) (/H+2/(m-t-3j (m + 3j(m+4) 


1 


1 


-I 




Series of Positive Terms 

7*4. Test for Convergence. We cannot 
find the sum of the first n terms of every series. 
Therefore the definition of convergence cannot be 
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applied directly in every case, and we have to 
devise other methods for testing the convergence of 
a given series. 

First of all, we shall tahe up tests for a series 
all of whose terms are positive. Most of these 
tests depend upon the following important theo¬ 
rem. 

A series of positive terms is convergent if the sum 
to n terms, is less than a fixed number for all values of n. 

Let the scries be Wj-f-Uo-fwa-l- •••, vvhere i/j, 
arc all positive. Thenj„, i.e., wih 

on increasing as n increases, and may tend to a finite 
limit or to plus infinity. It cannot oscillate. 

Therefore, if remains less than a fixed number 
for all values of n, it cannot lend to infinity, and so 
must tend to a finite limit. Hence the given series 
is convergent. 


Ex. Show that the series r.,4--I*-” is convergent 

\i 2 - 3 ^ 

For this series -h 3" 

^3 ■'■ ■ ■ ■ (;T~ 1)«’ 

showing that is less than 2 for all values of «. 

'Fherefore the scries is convergejil. 
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7'41* All terms greater than a fixed num¬ 
ber, If in an infinite series ofpositive terms every term is 
greater than a fixed positive number^ the series is divergent. 

Let every term be greater than the fixed posi¬ 
tive number a. Then the sum of the first n terms 
is greater than ha, and by taking n sufficiently large 
this can be made to exceed any finite number. 
Therefore the scries is divergent. 

Tlic student should note that the proposition is true even 
il a IS very small, but a must be (i) positive and (ii) fixed, 
that ts, independent of n. 


Corollary. senes of positive terms is divi.^cnt if 

Urn Un>0. 

Let lim be /, where />0, and take a positive number 
a ess than /. Fhen, leaving aside a finite number of terms, 
every term will be greater than a (§ 7-21. ii .. Thcrerorc the 
senes is divergent. 


It follows that /ur evetj cotivergenl series 

lim -_0. 

Tnc converse of this is not true. If the scries 

may or may not be convrrgr-;- 1 . 


loir example, consider the series 


1 


I 


1 


1 


^n = l 


‘^V3 ‘"v4 
Since the terms go on decreasing, 

_ I , 1 . ,1 1 

1 <) / •? I • • • '• 


I 

^ 71 


■ V3 


A'« \/n ‘ 


i.e., s >Vn. which tends to infinity as « tends to infinity. 
Ihcrelore the senes is diveigcnt, even though lim ^^=0. 

Tluis, in order that be convergent il is necessary, but not 
sufficientj that 

lint «n=0. 
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7'42< Ratio Test, An infinite series of positive 
terms is convergent if from and after some term the ratio 
of each term to the preceding term is less than a fixed 
number which is less than unity. 

The series is divergent if the above ratio is greater than 
or equal to unity. 

(i) Let the series beginning from the specified 
term be denoted by 

«ld-W2 + W3 + H4-l-... 

and let 

where r<l. 

Then 


u. 

4 

U 


U 


<r, “^<r, , 

’ Wo ’ ’ 


U 

U 


) 


^2“l“Z/2^^^^3^4“I” ••• 

V Uy Kj / 

\ “l "2 “l "3 «2 

<ai(I 

that is, 27w„<;wj/(l—r), since r<l. 

Hence the given series is convergent. 

(ii) Again if 

then . 

If is the sum of the first n terms, it follows 
that 

Sn^tlUy. 

By taking n sufficiently large, we see that nu^, and 
therefore also can be made greater than any 
finite number. Hence the given series is divergent 
in this case. 
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The above test is known as the ratio test and 
also as D’Alembert’s test.* 

G0ROLI.ARY. The series is convergent if 
and divergent ij Urn M„+i/a„>l. 

Let lim «n+i'Mri consider first the case when 

/<l. Choose a positive number b lying between I and 1. 
Then b is greater than 1. Therefore, for all terms, except a 
finite number of them, 

(by §7-21, iiy. But/) is less than 1. Thus is less than 

a fixed number which is less than unity. Hence the scries is 
convergent. 

The proof wlicn /> 1 is similar. 

When lim test fails; and we cannot say 

whether the series is convergent or divergent. 


Note. The student often wonders why it is necessary 
iliat Un^ilun should be less than a fixed number which is less 
than unity. He thinks that this statement is equivalent to 
saying that is always less than unity. But this is not so. 

ll'«n+i/"n a.lways less than unity, the scries may or may not 
he convergent. 

For example in ihc two series 


1 


1,1 

u„j is eqtitil to 




and 




f 

"r • • • > 




♦Called after the French imathcmatician Jean-le-Rond 
Alembert (1717-1783), He is more famous for his re¬ 


searches in dynamics. 
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respectively, both of which are less than 1. But for both of 
these there is no fixed number I such that 

«n+l/«ii<^<l 

for every value of n. Now the first of these two scries is 
divergent (§7*41), while the second is convergent (§7’4), 
which shows that it is not sufficient for convergence that 
«n+i/«n he less than unity. It may be noted that for both the 
above series lim = and so the results are not con¬ 

trary to the coroUary. 


In applying the ratio test, it is more convenient to find 
lim «n+i/“n> than to find a number less than 1 and exceeding 
each ratio. If this limit is unity, then further tests should 
be applied. 


Ex. 1. Test for convergence the series 


Here «„=A"/(2n— l)2n and z/„+j=x"'*’V(2'» + l)C2«+2). 


Therefore lim “"'*'^ 


(2n —1)2« 

"^''"(2n-hl)C2«+2)^' 

l-l/2n 

■^‘“(l+f/ 2 n;(l+ 272 n/ 


=.v 


Hence if a<cI, the series is convergent; and if a> 1, the 
series is divergent. If a=: 1, limttn+,/«„ = !, and further tests 
are necessary. [It will be shown later that the scries is con¬ 
vergent in this case.] 


Ex. 2. Find whether the series 

2I -h... 

is convergent or divergent for positive values of x. 

We have Wn=C” + l)-'"“V”> ^ind u„+i = (n-l-2)x"/(n-l !)■ 

Therefore lim x=x. 

«n (n+1)* 

Hence if *<1, the series is convergent; and if x>l, the 
series is divergent. Ifx=l, the series becomes 2-i-§-r^ + 5 
which is divergent since every term is greater than 1. 

8 TBA 
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7*43. Root Test. A series of positive terms is con^ 
vergent if for every value of n, ^ fxed number which 

* is less than unity. 

The series is divergent if o^u^^l for every value of n. 

(i) Let where r<l. 

Then for all values of n. Therefore 

«i+«2+tt» + ■ •. +ari+■ • • <f+r*+f3+... , 

that is i7u„<r/(l —r), which is a fixed number. 

Hence Suj^ is convergent. 

(ii) If then for all values of n. Hence 

the series is divergent. 

Note. The theorem is true even if the condition holds 
from and after a fixed term. 

Corollary. The series Z'i/„ is convergent if 

hm V«n<lj 

and divergent if Urn 

If lim = the test fails. 

The proof is similar to that of the corollary in the last 
article. 

Ex. Test for convergence the series 

X x^ 

1 + 2’ where .r>0. 

Consider the series obtained on omitting the first term; 
for it Urt=A:"/(n-i-l)", 

so that lim!^«,i=limAr/(H + I)=0. 

Hence the series is convergent for all values of .r. 

Examples 

Determine whether the following scries are convergent 
or divergent. 

1 , 2 , 4 . 8 , , 2" 

1. V2 v/17 ^/65 ■ ■ • • ■+'^/(4''+I) 


I 

• 
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2. 

^ 1 ^ 1 ^ 1 

1+2*-! ' 1+2-2 ' 

lAndhra, 1948J 

3. 

* 1 2 , 3 

1+2 ' 1+22 ' l+28“*"‘" • 


4. 

,357 
l+^+^j4*• 


5. 

2P 3P 4P 
■*'2! ' 3!‘‘"4!“^'" * 

{Gauhati^ 1955] 

Test for convergence the following 
value of X. 

series for positive 

6. 

1 + 3a+5a2 + 7x3 + ... . 


7. 

12+22a+32a*+42a3+... . 


8. 


" + .... \Raj., ’60] 

9. 


-i + ....[fiaro(/^,’60] 


7*44. Comparison Test. If and 

are two series of positive terms and k is a fixed positive 
number, then (i) will be convergent if Zv^ is con¬ 
vergent and ujv^ is always less than k; and {ii) Zu,^ 
will be divergent if Zv^ is divergent and ujvn is always 
greater than k. 

Let and denote the sums of the fijst n terms 
oi Zu^ and Zv^^ respectively. 

(i) Then since by hypothesis 

“j<*, .... 

H H ■ Z'n 

therefore i/j 4-2^2 -r ••.+ <k{v-^ +2^2 + • * • +z^n) > 

i.e.j s^<ikty^. 
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Now is convergent, Sb tends to a finite limit 
t as n tends to infinity. Therefore s^<.kt for all 
^ alues of w. Hence is convergent (§ 7*4). 


(ii) If is divergent and 

u 




'^’2 ■“’’t'n 




then 

As n->oo, tn^oo. Therefore s^^lso tends to infin¬ 
ity and 2Ju^ is divergent. 


Corollary 1 . and Zv^ are two series of pos- 

itive terms, then (?) Zu,, will be convergent if Zv^ is 
convergent and u^dv^for all values of and {ii) Zu^^ 
will be divergent if Zv^, is divergent and oil 

values of n. 

This is obtained by putting A =1 in the above. 

Corollary 2. If Zu^ and Zv^ are two series 
of positive terms and ujv^ always lies betweax two fixed 
positive {non-zero) numbers, then the series are both con¬ 
vergent or both divergent. 

ir/.j and kz ai'c the two numbers, then, as before, 

Therefore, if tends to a Rnitc limit, so does ; and if 
lends to infinity, Jn tends to infmily. Hence the pro¬ 
position. 

The student should note that the condition that MnA’n 
always remains non-zero and finite is by itself not sufficient 
to ensure that the series are either both convergent or both 
divergent. Consider, for example, the series 

+ + ‘■'"d '+'^2+ 


« • • • 
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The rauo u„lv„ is l/nyn. which is finite and non-zero 

for every value of n; similarly the ra«o vju„, i.e. bV". »» 
for every value of n. But the first of the ttvo senes is convergent 

and the second divergent. 


Corollary 3. If Su„ and are two series of 
positive terms and Urn w„/o„ is non-zero and finite^ the two 
series are both convergent or divergent. 

This follows from the above corollary on applying 


§7*21 Cii)- . . 

The comparison test can be applied to dcteraimc the 
convergence or divergence of a given series, prodded we have 
a suitable auxiliary series whose convergence or divergence has 
already been esiabUshed. The senes discussed in the next 
article will be found useful for this purpose. 


7-45. 


The series 2^1 The infinite series 


1 . 1 



• • • 


is convergent if eind divergent if p^l- 

Case I. Let ^>1. As the terms are all posi¬ 
tive, we can group them as we like. Now group 
them as follows : 
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But (2) can be written as 

, 4 8 

which is a geometric series with the common ratio 
2/2^—1/2^“^. Also l/2^“^<5l. So the series (2) is 
convergent. Therefore the series (1) is also con- 
\’ergent. 

Case II. Let ^=1. Then the series becomes 

J + § + ... . The terms in this series can be 

grouped as 

This is term by term greater than 

which is divergent. Therefore (3) is also divergent. 

Case III. Let^<l (negative values of^ being 
included). Then the scries is term by term greater 
than the series (3), and is, therefore, divergent. 

7"46. Examples on Comparison Test. In 

applying the comparison test to a given series 27^^, 
it is more convenient to find lim ujv^ than to find 
a fixed number exceeding ujv^ for every value of«. 
The auxiliary series 27p„ must be chosen in such a 
way that is non-zero and finite. This can 

gener^y be done by taking equal to the teim of 
the highest de^ee in n (or the lowest degree in 
]/«) occurring in 

Ex. 1. Test for conver^eace 21: [V'Cn=+l)-„J. 

lAlIahabad, 1964] 


EXAMPLES 
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Here k„=V(«*+1) -n=n{\ + l/n«)i/*-n 
=n{l 4-i(l /n®) l^*) + •■■>-« 

Take p„=l/n;then 

lim {i “iC* /”*)+* • •) 

which is finite and non-zero. Since i7p„ is divergent, there¬ 
fore iun is also divergent. 

Ex. 2. Test the convergence of the scries 

1 i_ _^4.-fl_-f-iL+...tooo-. 1955] 

2Vl + V2^ ^ 

HereUn=-^*""VC” + l)V« Un+i=*®"/("‘l'^)v'(« + l)* 

Therefore lim '^=1>™ ll ** 

Hence the scries is convergent if x^<l, and divergent if 
X® > 1. 

an = l/(»+!) V«; and taking Pn^l/<®» 
that lim Since Zv^ is convergent, the given senes 

also is convergent for a.®— !• 


Examples 

Determine whether the following 
or divergent. 

2 * ^ 3 ®”^ ^ 48 '^"' 

1,3, 5 , 

X 2 3”^ 2.3»4'3.4.5'*** 

1 2® 3® 4^ 

4. l+^+33 + ^+58+--- - 

2 3 4 5 

1P'*^2P'^ 3P"^ 4P"^'*'‘ 


scries arc convergent 


[Aligarh, 1960] 
[5(2gar, 1949] 
[Kashmir, 1954] 
[Agra, 1950] 




116 


CONVERGENXE OF SERltS 


Test for convergence the series whose general term is: 

/ 


6 . 


y/n 


[Ban., *53] 


7. 


n 


8- + 9. 

[Baroda,^eO\ [Aligarh, 1956] 

Test the convergence of the following scries for ;r>0. 
10. I -f U+Jva+^\jAr3-f-...^.vV(«3-fl)+... . [Delhi, *51] 

[Patna, 1957] 


II. 


•V AT® A'4 


+ <^-o H- 


1 . 2 '^ 2 . 3 '^ 3 . 4+^5 


T 


l‘> 1 , 

.T-f-1 ^x-r2^x-\-3~^ ••• • 


7-47. Comparison of Ratios. If 27^^ and 

ffyhe ^0 series of positive terms, then 27k„ is convergent 

f (t) Svn is convergent, and {ii) from and after some 
particular term 


^njfl 

Su is divergent if (i) Sv^ is divergent, and (it) from 
and ajter some particular term Wn+i/“n>^’n+i/^n- 

Since the removal of a finite number of terms 

does not alter the nature of the series, we shall 

suppose that the inequality is satisfied from the very 
first teim. ^ 


I. Let 


*. % • • • 
9i 9* «« »■ y 


tf 


V-, u„ 


Then + t/o + r/g ^ 

<w 


1 n 







■ \ 
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Therefore, if is convergent, is also 

convergent. 




II. Let 


u 


Z?l' tu 


Then «iH-“ 2 ++ ^ + -) 

>“-(>+F;+i'r:+4 


i.e., >^(t'l + 02 + »3'^-*-'^^n)* 

Therefore, if i7y„is divergent, is also divergent. 

Corollary. Wc can deduce from the above that £un 
is convergent if [i) is convergent, and (it) 

and Zun is divergent if (i)-S'i'n is divergent, and (ii) iimWn+i'»n 

Note. The test for convergence given in the article 
above can also be stated as follows ; 

Suj, is convergent if (i) is convergent, and (it) from and 
after some particular term 


“n+l ^n+1 

This form of inequality is often more convenient to apply, as 
in the articles 7-48 and 7-49 below. The test for divergence 
can be stated similarly. 

By taking Z\jnP for Zv^ and applying the above test, we 
can derive tests which arc ve^ convenient for determining 
convergence when lim t/n+a/*^n unity. 

7-48. Higher Ratio Test. A series of 
positive terms is convergent or divergent according as 
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Let 


-l)>l, or <1. 

\®n+l / 

limnp" 

\“„+1 / 


where ^>-1. Choose a number p lying between I 
and 1, and compare the given series with the 
auxiliary series which is convergent since 

p>l. 

Therefore, Su^ will be convergent if from and 
after some particular term 


- (■+J. 

tliat is, if >1 _!1 J_ 


or 


( 1 ) 


By taking n sufRcicntly large llic left-hand side 
can be made to approach / as nearly as w e please, 
and the right-hand side can be made to approach 
p as nearly as w'c please. Also, / is greater than p. 
Therefore for all suificiently large values of k, the 
inequality (1) is satisfied. Hence Su^ is convergent. 

The other case, when /<!, can be proved simi- 
larl)’. This test is known as Raabe’s test* 


Note I. The above test should be applied only in those 
cases in which Hm = and so the simple ratio test 

(§ 7’42) fails. When the present test also fails, further tests 
are necessary. It will be shown in § 7-53, however, that in 
such cases the series is divergent, provided that uJi/^^+x docs 
not involve « as a logarithm or an exponent. 

♦Joseph Ludwig Raabc (1801 -1859) of Zurich was the 
first to evolve these more delicate tests for convergence. 



logarithmic r.\tio test 
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Not* 2 The student should note that for the simple 

ratio'JeTthe liS^ of UnW^nWas dete^ 

and all the subsequent tests (§§7*49, 7-52, 7 53) employ m 

ratio Un/Un+i- 


Ex. Test for convergence the series 


1^3 . 3.6 

l+7Ar+7^10 


3.6.9 


3.6.9.12 


A ^ ^ ^ I 

* + 7 . 10713 *^'^ 771 ^ 13.16 


X* +.... 


Here 


«n“ 


and 


3.6.9...(3n-3) 
7.10.13...(3n+T) 

3.6.9...(3n-3)3n 


-rr X 


.n 


»n+i —7, io.l3...(3n + l)C3«+^) 


Therefore 


” .r, and Urn ^ =x- 
3n-b4 ’ wn 

Hence the scries is convergent if x<l and d^^^rgcnt 

ifx>l (considering only positive values of x). II x_i, 

0 " ('"st-- 0=t 

which is greater than 1. Hence the scries is convergent. 

7'49. Logarithmic Ratio Test. A series 
of positive terms is convergent or divergent according as 


Um|iilog 


u 


n 


1 


> 1 , or < 1 . 


Un+i* 

Let limn log 

where />1, and choose a number p lying betw^n 
I and 1. Then, comparing the pven senes 27i/„ 
with the auxiliary series ITl/n*’, wluch is convei^ent 
since /»>!) we see that i7«„ is also convergent if 
from and after some particular term 

“n+l 

or, taking the logarithms of both tlie sides, 


or 


(‘+i)': 
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if 




that is, if (s-2n^+3^3 —•)’ 


or 


By taking n sufficiently large, the left-hand side 
can be made to approach I as nearly as we please, 
and the right-hand side can be made to approach 
p as nearly as we please. Also, I is greater than p. 
Therefore the above inequality is satisfied for ^ 
sufficiently large values of n. Hence is con¬ 
vergent. 

The other case, when /<1, can be piwed 
similarly. 

This test is an alternative to Raabe’s test and should be 
applied when lim «n^*^n+i = U and taking the logarithm of 
makes the evaluation of the limit easier. 

Ex. Test for convergence and divergence the scries 

43.3 

y... . [Batwras, 1960] 


1 

9r 


3-a- 


Herc 


‘ 3! 

«! ■■ 


4! 


5! 


and 1 = 




Therefore ^ " 

//„ n-'-\ \ /;/ « - 

and lim («n+j=r.Y. 


v. 


a 


Hence the series is convergent if i.c., if;»r<l/r; 

nd is divergent if Ar>I/r. If .v=l/r. ^\•c have 

lim H log——-=]im « log I,, ^ ■ I 

=lim n {log e — (n — 1) log (1 -y 1,'«}} 


CATJCHV’S CONDENSATION TEST 
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=limn|l — - + 2ni 3n- 

=Um {«-(«-!)+a-'/2H)-(«-')/3"'H -"> 


=1 i) 

which is greater than 1. 
X = 1 /r. 


Hence the series is convergent 



Examples 

Find whether the following series are convergent oi 
divergent. 


1. 


ara-J-l) . a(a-rl) {o-\ 
'“172 1.2.3 


• • • 

C.45^«. 

2. 

2-:« 

52.9®... 

:8M2* 

(4«-3)® 

...(4h)- ’ 



[Aligarh 


1 

X® 1 

.3.5 X* 1 

.3.5 

.7 

.9 x« 

3. 

1+2- 

•4+2 

.4.6-8 +r 

.4.6 

.8 

, 10 ■ 12 ' 

A 

. . 2* . . 

2*. 4® 

2*. 

42 

. 6 ® 

A 

4. 

X -^3 

74* 

3.4.5. 6 * ^ 

3.4. 

5 . 

6.7.8 




[Rajasthan^ 1959] 

Test for positive values of * the convergence of the 
following series : 


. 33x» , 4«x4 , 5*x» . 


6 . 


3! 


4! 


5! 


[Rajaslhatty 1960] 


7*5. Cauchy’s Condensation Test.* If the 

function f{n) is positive for all positive integral values of 
n, and continually decreases as n increases, and if a is 

♦Named after Augustin Louis Cauchy (1789-1857), a 
profound French mathematician. He was one of the leaders 
in infusing rigour in the treatment of infinite series. 
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a positive integer greater than unity, then the two series, 
Sf{n) and Sa^f{a^), are both convergent, or both divert 
gent. 

Write the first series Sf{n) as follows : 

{/(l) +/(2) +-+/(«)} 

-^(/(«+l) +/('^ + 2r +...+f{a^)} 

-r{/(«^ + l) +/(«M-2) +...+/(a3)j+.... ( 1 ) 

Then the terms in the rth group are 

/(«-! -f 1) +/(«-> + 2) +... +/K). (2) 

Each of these terms is greater than the last one, 
viz., f{a^), for the terms go on decreasing by hy¬ 
pothesis. Also the number of terms is — a^~^. 
Hence the sum of all the terms in (2) is greater 
than (a’’ f{a ^); that is, 

J +1) +/(a'-' -L 2) + ... +/M > (1 -a-^) . 

Giving to r the values 1, 2, 3, n successively, 
and adding, \Ne get 

y'"" (3) 

—2 

Again since the terms go on decreasing, each 
term in (2) is less thany'(fl'-^), and tlieir sum is less 
than W that is, 

Putting r equal to 1, 2, 3, n successively and 
adding, we get 

/(>)<(«-!) 




(4) 


ANOTHER RATIO TEST 
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The inequality (4) shows that if Sa^fia') is 
convergent, so is Sf{r)\ while (3) shows that i. 
is divergent so also is Sf{r). 

Generally it is immaterial what value is assigned to a. 

7-51. The series i;i/n(logny. The infinite 


senes 


1 ^ 


1 


4- 


1 


• • • I" / 


1 


-I- 


2(log2)P“^3(log3)f’“‘ *** ' «(logn)f* 

is convergent if divergent ly ^ ^ 1. 

We shall apply Cauchy’s condensation test to 
examine the convergence of the given series. In 
the present case 

/(«)=l/«(log n)P, 

and therefore 

a^f{d:^) =a'Va"(log a'^)P=l/(7i log aY 

= (l/n^>)(log«r^_ 

The constant factor (log a) ^ is common to 
every term. Also, Tl/n^ is convergent if /»>1 and 
divergent if Therefore the given series also 

is convergent if/>>! and divergent if^^l. 

7*52. Another Ratio Test. The above scries can be 
used to devise the following test which can be applied ^^•hrn 
lim n(u„/wn+x —1) ^nd so Raabe’s test fails. 

A series of positive terms is convergent or divergent accord- 

ing as 

-lj"‘|logn>l, or <1. 


Let 


lim 


w’herc /> 1, and choose a number p lying betwcrii / and 1. 
Then the series i:i/n(logn)P is convergent, since ^>1. Com^ 
paring Zun with this scries, wc sec that 2un will be convergent if 
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«n+i n (log n)P 

for all sufiicienlly large values of n. 

Now, for large values of n 

log (n +1) =log n 4-log (1 +1 /«) =log n+1 /n -f.. 
and the right-hand side of (1) becomes 

(' )(’ +« log n •••/= (' )0 +r7l4^ ^ - ) 


(1) 


==1 + ' + -,^- 

n «Iog« 


terms involving higher po^vers 


of « and log n in the denominator. 
Hence the condition (1) can be written as 

P 


u 




n+i 


n ■ nlogn 


I.C., 


—0 
V«n+i / 


1 - 1 - 


log « 




oi 


—0 — ^Iinvolving n and log// 

in the denominator. 

Now the left-hand side tends to I and the right-hand side 
tends to p as //->oo, and l>p. Therefore the inequality is 
satisfied for large values of n. Hence Zun is convergent. 

The other case, when /<!, can be proved similarly. 

Ex. Test the convergence of the series 

93 oa 43 92 42 62 

1 + 32 + V1-92+- • [Banaras, 1960] 


Here 




3* . 5=*'^ 3 s. 5*. 72 

22.4s...(2/i-2)2 


and 


Therefore 


3a.53...(2//-l)-* 
2a.4*...(2«-2'a(2n>2 
o=*...(2// —lj\2n-i-l;“ 

«n+i__ (2«)^ 

(2«-hn-’ 


// 


a 


A GENERAL RULE 


125 


which tends to 1 as H’-mco. Proceeding to the next test, wc 
see that 

/ .\_ (2« + l)*-(2n) = _4n + I 

Vn« (2nj=* 4„ ' 

which again tends lo 1 as n->oo. 

Finally, applying the test of the preceding article, wc 
find that 

(iSrr')“ *}‘" 

—lim (log n)/4«=0, 

by (3), §7-23. 

Since this limit is less than 1, the series is divergent. 

This example is a particular case of the following general 
rule. 

7*53. A general rule. A series of positive 
terms is divergent if 

- l) 

is an algebraic function of n which tends to 1 as n—^oo. 

T / “n i\ n^. 

the terms of the highest degree in the numeratoi* 
and denominator being the same, because the limit 
of the expression is 1. 

‘ Thcnlim|H^^~- ly*—ijlogti 


9 TBA 


(<2i — hi)n^ ^-j-..., 

{Uj —logw 
n** -j-... ‘ n 


=lim 
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Now the first factor tends to and the second 

factor tends to zero as n->oo. Therefore the limit 
is zero, which is less than 1. Hence, by the 
theorem of the preceding article, i7u„ is divergent*. 

An independent proof can be given by com¬ 
paring directly with i71/n(Iog 


Examples 


Find whether the following scries arc convergent oi 
divergent : 

(log 2)2 , (log 3)2 . , (log_n)2 


1. 


j- 


2^ 
1 


«><> 


fl 


1 


J. 


(log 2 'p (log 3Jp (log«)p ■ 

a fl(ff-rl) , a(a-f-lH^+2) 


[Lhw., 1958] 


b ‘ ^(6-rl)^6(A4-l)(6-h2) 

rt(l—a) , (1 4 -a)a(l —a){2~ n} 
4. 1 'p 18.92 


4-... . [Rajasthan, 1958] 


» • • • 


(24-a)(l 

■ 12 . 22.32 

Test the convergence of the follo^ving series for positive 
values of x: 

[Baroda, 1960] 


12 . 12.32 . 12.32.52^2 , 

0. h X..-“.'n-'-■-{-.-rs-Tn- 7n,X . 


92 ‘ 92 .42 ' ' 2® . 42 . 62 
' 1 ./ I .2.y(y4-ij 

a(a4-l)(a4-2 )^(^ + ll(^jj),j j- ’59] 

I .2.3.r(y-hl)(y f2) 

♦The theorem can be proved similarly if n{uJUn+i — \) 
involves fractional indices or radical sign. By an algebraic 

function wc mean that it involves only powers of «, not its 
logarithm or exponential. 


TEST POR ALTERNATING SERIES 
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Series with terms Positive or Negative 

7*6. Test for Alternating Series. The 

infinite series —•••, in which the terms are 

altemately positive and negativCy is convergent if each term 
is numerically less than the preceding term and lim 1 /^= 0 . 

Suppose •••> 

and lim Un=0. Consider the sum of an even 
number of terms. Then 

^2n~{n;i Wg) “^"(^3 ^ 4 ) "h * *• *^2n)> (^) 

which can also be written as 

•f2r.=“l—(“2—“3) —(“1—“e) — •••—!'2n- ( 2 ) 

Since the terms are decreasing, the expressions 
within brackets in (1) and (2) are all positive. 
Therefore we see from (1) that S 2 n is positive and 
increases as n increases; and we see from (2) that 
it always remains less than Hence J 2 n niust tend 
to a finite limit (§7-4). 

Now consider the sum of an odd number of 
terms. Since 

'*^2n+l”-^2n"i"^2n+l> (^) 

and lim U 2 n+i=^> therefore s^n+i tends to the same 
limit as J 2 rv 

Hence tends to a finite limit whctJier n is even 
or odd. Therefore the series is convergent. 

Note, The student should note that it is necessary for 
convergence that lim «n=0. If lim «„ is not zero, we sec from 
(3) that Jjn+i tends to a limit different from s^n, and tliercforc 
the scries is oscillatory. An example of such a series is 


128 


CONVERGENCE OF SERIES 


If the terms are alternately positive and negative, and "o 
on increasing numerically, it can be shown that the series'^is 
oscillatory in this case also. 

Ex. Show that the series 1-1 is convergent. 

Here tlie terms arc alternately positive and negative, 
eiach tei*m is numerically less than the preceding term, and 
lim i.e. lim (1/n) is zero. Hence the series is convergent. 

7'61. Changing the sign of terms. If^ve take a con¬ 
vergent senes of positive terms and make the sign of some of 
the terms negative, the new series thus obtained is con¬ 
vergent. 

For, if wc denote byj^^ and /„ respectively the sums of 
ihc Urst n terms of the nvo series, then, numerically, t can¬ 
not be greater than Therefore cannot tend to infinity. 
Also, Itm IS zero. Therefore cannot oscillate. Hence 
(ft must tend to a finite limit, and the series is convergent. 


7'7. Absolute Convergence. Consider the 
^nes ^-7-Wo + .--+w^ + ... in which any term may 
be either positive or negative. Let |u„| denote 
the absolute value of that is, |tt„| =a„ if u„ is 
positive and |m^J = —if is negative. Then 


IS a SCI ICS each term of \\ Jiich is positive and nu¬ 
merically equal to the corresponding term of Su^. 


If the ^rics is conx ergent, it is not neces¬ 
sary that 2\u^\ be also convergent. For example 
the senes ^ 


- ‘ a -1 I • • • 

IS conveigent, l>ut the coiTesponding series of posi 
tuT terms " 
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is divergent. To distinguish between the two cases 
which can arise we give the following definitions: 

A series containing positive and negative 
terms, is said to be absolutely convergent if the series 
is convergent. 

is said to be conditionally convergent if is 
convergent while divergent. 

Thustheseriesl—is conditionally conver¬ 
gent, while the series 



is absolutely convergent. 

It will be found that in a conditionally convergent 
series, the positive lenrns and the negative terms taken sepa¬ 
rately form two divergent series. When their terms arc 
suitably arranged the difference gives a convergent series, 
while their sum naturally gives a divergent series. In an 
absolutely convergent scries, the positiv’c and negative terms 
both form convergent scries. 

By §7*61 it follows that if rlwnl is convergent, Tt/n is also 
convergent. Therefore the absolute convergence of a scries 
implies its ordinary convergence. 


7*71. Some Well-Known Series. \Ve discuss below 
the convergence of some well-known scries. • 


I. Binomial Series : 

, .v*+ ... .... (1) 


when « is not a positive integer. 

«-r-T-1 /, W + I\ /ON 

We have . =--—— — (i— _ )^* 

If a; is positive, (2) is negative for large values of r and 
so the terms in (1) arc alternately positive and negative 
ultimately. If .x is negative, (2) is positive and ultimately 
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the terms in (1) arc all of the same sign. It is most con¬ 
venient, therefore, to test the scries for absolute convergence. 

Now, by (2), l«T+il/lwrM^| as r-«o. 

Therefore the series is absolutely convergent if |xl<l, 
i.c., if —1 <x<:l. 

If |a:|>1, we see from (2) that \ur+Jur\>\ for all suffi¬ 
ciently large values of r. So the terms go on increasing 
numerically as r increases. Therefore the scries is divergent 
(if the terms are ultimately of the same sign) or oscillatory 
(if the terms are alternately positive ard negative). 

When x= —1, the terms are ultimately of the same sig^ 
and lim Therefore, applying Raabe’s test, we get 

lim I ( - I )=lim =n+l. 

V“t+i / r-n-l 

Hence the series is convergent for n>0, and divergent for 
n<0. 

When x-=\y the terms arc alternately positive ard nega¬ 
tive for large values of r, ard we can apply the test of § 7*6. It 
can be shown (sec Ex., §7-9) thatlimt/r=0 only when n>—1. 
Therefore the series is convergent for n> —1 and oscillatory 
for n^ — l. 


II. Exponential Series ; 


■i 


.n 


1 +^+ 2 “, - • 


For this series 


K\ n ’ 

which tends to zero as n tends to infinity. Thus 

iimli/n+i|/|«„| 

is less than unity, whatever be the value of x. Hence the ex¬ 
ponential series is absolutely coiiVergent for eveiy value of x. 

The same is true for the series 1 -b-tlog a-\’(x\oga)^j2l-\-.^^ 

III. Logarithmic Series : 

2*^ 3 


AT—o••• + (—1)”“^-''-h... . 


Here 


which tends to 
convergent if \x 


l«n+l|_ n .1 

|,r„r-n+T 

x\ as n ->x>. Therefore the series is absolutely 

< 1 . 
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If the terms increase numerically as «increases, 

and so the series is divergent if x is negative, and oscillatory 
if X is positive. 

If x=l, the series becomes which is 

conditionally convergent. 

Ifx =—1, the scries becomes —1 —i—.•■, which is 
divergent. 

7*72* Testing a given series. When it is required to 
test a given series for convergence, it is convenient to apply 
the tests in the following order. 

A glance will show whether the given series is (i) a series 
with terms alternately positive and negative; (ii) a series 
of positive terms, which is not a power series*; or (iii) a 
power series of positive terms. 

For series (i) the test for alternating series (§ 7'6) should 
be applied. 

For series (ii) an inspection should be made of the «th 
term, and if feasible lim should be determined. If lim 
is not zero, the series is divergent. If lim«„ is zero, may 
be comparable with \lnP. If so, comparison test should be 
applied. If involves logn, Cauchy’s condensation test can 
be applied. 

In case the above tests are inapplicable, the ratio test 
should be applied. If this fails on account of limttn+j/w„ 
being 1, Raabe’s test (§ 7’48) should be applied. If this also 
fails for a similar reason, and Uf^[Uf ^+1 is an algebraic function 
of n, the series is divergent (§ 7*53). 

The logarithmic test (§7‘49) should be applied as an 
alternative to Raabe’s test when n occurs as an exponent in 
Un/Un+i. The root test (§7'43) is an alternative to the ratio 
test and should only be applied in special cases in which the 
nth root can be easily evaluated. 

For the power series (iii) the ratio test should be applied 
Orst. If the series is in powers of x, it will be found 

*A series in ascending powers of x (or some other num¬ 
ber) is called a power series. Thus 
where Oq, Cj, ... do not involve x, is a power series. 
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that lim «n+i/“n=^» where I is some constant. For x<l// 
the scries will be convergent and for divergent. 

For .v=!//, the series should be treated just as in case (ii) 
above. 

If a power series is to be tested for such values of a' which 
make the terms alternately positive and negative, the results of 
§ 7‘6 should be applied. 


Ex.^ples 


Find whetlicr the follossing scries are convergent, diver¬ 
gent, or oscillatory’. 

] 1 _ -L-f * * 

J- 1 fyn-r 2*2 ^5 




1 




.V .v-f-a"*" x-\-3a 




■■■ ■ [Annamaiai, 1949] 


1. 


[Aligarh, 1960] 


fi. Are the following series absolutely convergent ? 

ri' ’ 4- L_ ' • . 

*■ ' ^2 ■ V3 V4“ ’ 


(ii) 1- 


(.n. 1 


1 


1 


1 


2y/2 ■ 3v/3 4V4 

2 ' 4 8^ 16 


T • • • > 


• • « 


/ • 


1 —2.v-.-3.t®—4.x®'r"- . 
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*7*8. Addition and Subtraction of Series. If (he 

two scries 

Wi-rK3+--* t-’i-r i ’2 + • • • 

are both convergent and their sutns are s and t respectively^ then 
(0 + ••• convergent and has the sum s-\-t; and 

(«) («i—z'l) +(M 2 “i' 2 ) + ••• convergent and has the sum s — t. 

For (i) 1 im { (wj+ v^) + (Ug I’z) + • • • 4- {tin “T t-'n) } 

=lim {(uj+Uo-r... -|- w„) -rCi’i+i'a”!"- - ■ "r^'n)} 

=s^t. (§7*23. i) 

Hence convergent and has the sum 

The proof of (ii) is similar. 

7*81. Rearrangement of terms, (i) If the terms 
of a convergent series of positive terms are rearranged^ the series 
remains convergent and its sum is unaltered. 

Let be a convergent series, and after 

rearrangement let it become • Denote the 

sums of the first n terms of the two series by and rcspcct- 
tively, and let lim Sn=s. 

Consider the sum i.e., 

+ +*’n* (1) 

Every term in this occurs somewhere in 2IUf^. So by 
taking a sufficiently large number of terms from we can 
include among them every term occurring in (I); tliat is, by 
taking m sufficiently large we can make 

ButJm<^* Therefore 

■ ( 2 ) 
for every value of«. Hence Sv^ converges to a limit (§7*4), 
say, to t. Also, on aecount of (2), 

Again, since TunCan be obtained by rearranging the 
terms of 270^, we can prove similarly that s^t. Hence t—s. 

fii) If the terms of an absolutely convergent series are rc^ 
arranged^ the series remains convergent and its sum ts unaltered. 

♦This and the subsequent articles may be omitted at a 
first reading. 
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Let be an absolutely convergent series 

and after rearrangement let it become i‘i-f r 2 -i-i/a+... , Let 
the sum of the series i7i/„ be s, and that of Z|t/n| be s\ 

Then by § 7*8, |tf„|) is convergent and has the 

sum j+j'. 


Also, since is a rearrangement of therefore 
i;|p„|isa rearrangement of r|£/„|, and ^(rn+lrnl) is a re¬ 
arrangement of |tfn|). 

But Z|u„Jand i7(i/n + |u„|) arc both series of positive or 
zero terms. Therefore, by (i) 2:ir„| and are con¬ 

vergent and have the sums j' and j+j" respectivclly. 

Now Svn can be regarded as the difference of |p„|) 

and Therefore is convergent and has the sum 

i.c., s. 

(lii) The sum of a conditionally convergent series may*^ 
get altered by a rearrangement of teims. In fact it can be 
proved that by a suitable rearrangement, the scries can he 
made to approach any given number as its sum, ard can be 
made even divergent. The reason is that in a corditiorally 
convergent series the positive ard negative teims taken sep¬ 
arately form two divegent series. So if we take enough 
terms of one sign, their sum can be made as large as we 
ple^e. Therefore, by decreasing in Sr^ the proportion of 
positive terms, the sum of the series gels decreased, ard vice 
versa. This is illustrated in the example belc^v. 

Ex. Sho^v that the sum of the series 

^ - ( 1 ) 

is half the sum of the scries 

l-i + i-l-rl-ihi-lr.... (2) 

The second series has the sum loeg2, as can be seen by 
putting .v = l in the expansion of log^ O-^- v). 

Let denote the sum of the fiist ti terms in (1), then 


1 i i — ]■ r ■. ■ to 2 h terms_'', 
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Therefore 1 im =Jlog^ 2. 

Also, since Jgn+i and -^sn+i tend to the same 

limit. 

Thus the series (1) has half the sum of (2), even though 
( 1 ) is just a rearrangement of ( 2 ). 

7*82* Multiplication of series. Consider the two 
series and . If we mul¬ 

tiply them out, the product, arranged in ascending powers 
of Xi is 

Putting Ar=l, and writing u and v for a and we see that we 
can write the formal product of and as 

+ WaP2 + «3Pl) +- (I) 

But this formal product has a meaning only if series (I) 
is convergent. To study under what conditions it is so, we 
consider the series 

H-(*'lP3+*'2^3 + W8P3+*'3t'2+«3l'l) +'•■ » (2) 

in which the first term is a product of and Tj; the terms 
in the first two pairs of brackets are the product of 1/3 
and Pi+Fa; the terms in the first three pairs of brackets are 
the product of and rj+Pa+naJ and so on. 

Also, the series (2) is merely a rearrangement of the series 
(1). This can be seen from the two diagrzms below, in both 
of which all the terms obtained by multiplying the teims of 
SUf^ by the terms of Sv^ are shown, but in Fig. 1 terms are 

I ... 





Fig. 2 
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taken diagonally, while in Fig. 2 they are taken parallel to the 

sides. The first arrangement gives the series (1), while the 

second gives the scries (2). 

We shall now prove the following proposition : 

are convergent series of 

positive terms "or absolutely convergent series, and have the sums s 
and t, then the series 

n-... (3) 

is convergent and has the sum st. 

Let Sn and t^ denote the sums of the first n terms of 
and respectively, and let s' and be the sums to infinity 
of the series i7|t/n| and 
Consider the series 

The sura of the first n terms of this scries, say is equal 
to Now as n tends to infinity, Sj^s and therefore 

On tends 10 st. 

j\lso, the scries obtained from (4) by removing the bra¬ 
ckets, namely 

is absolutely convergent. For 
l'h^3l''~l‘'i^2l + l“2^3|'^|"2^'jl‘' ••• " terms 

the right-hand side on multiplication containing 
more terms than the left-hand side, 

that is, the sum of the fitrst n term of (5) is less than a fixed 
number for all values of n. 

Therefore any series obtained by rearranging the terms 
of (5) is also convergent, and has the same sum as (4). But 
the series fS) is one such scries. Hence it is convergent and 
lias the sum st. 

Note. It should not be supposed that multiplication 
of t^co convergent scries always gives a convergent product 
scries. ^Vhen two conditionally convergent scries arc multi- 
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plied, the product series may or may not be Convcrgcni. It 
can be shown, however, that if one of tlie two series is aliso- 
lutely convergent and the other conditionnlly convergent, 
the product series is convergent. 

7*9. Infinite Products. Just as wc have an infinite 
series Wi+« 2 +...we can have an infinite product 

MjKa ••• ••• • (U 

In what follows we shall suppose that none of the factors is 
zero. 

Let A,=wi«2--"n; 

then if Pft tends to a finite non^ztfo limit as n tends to infinity, 
we say that the infinite product (1) is convergent. Tlu* 
infinite product is said to be divergent if tends to infinity. 
IfP,^ tends to zero, then also the infinite precinct is said to be 
divergent. 

A full treatment of infinite products is outside the scope 
of this book. But many examples on infinite products can 
be solved by converting a product into a scries by taking 
logarithms. Thus tve can write 

Pn=log Hi -blog Had ... -i-log H„. 

If 2 logH,! converges and has the sum j, then converges to 
if^logK^ diverges to H-oo, /*„ also diverges to d-co, and if 
i71ogu„ diverges to — oo, diverges to zero. 

Ex. Show that the limit of 

h(« —1)(«—2)...(;i—r-r 1) 

^ ^ 

as r tends to infinity, is zero, e.xccpt when I. 

Rearrange the given product as 

(:)("J')C-r) 0, 

For large values of r, (H-|-I)/r<l, so that ilic last factor is 
negative. Therefore the product becomes alternately positive 
and negative as r increases. Considering, however, tlu* 
niunerical value of the product and denoting it by Py\ we see 
tliat 

Jog/>,=iog 
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Denoting by tij the rth term on the right-hand side, we 
have 

Comparing with the series i;i/r\ve see that Eu^ diverges to 
— CO if n4-1 is positive. Hence if n>—1, tends to zero 
as T tends to infinity. 

t 

. diverges to-foo and the numerical 

yaJue of (1), tends to infinity. If n = — 1, then each factor in 
(1) IS —1, and again P^ does not tend to zero. 


Examples on Chapter VII 


Find whether the following 
divergent. 

2. + + 

* 


5 


6 


0. 


series is com'ergent or 


[Utkal, 1950] 


92 


32 ^42^ 

3'! ' 4! ■’ “■ ' 


i -r .y, 4- 

9 

_i__ , _ 1^ . , 

V2-\~'\ ~3-1 ■' v 4—i • • 


1 


3 


1-: v'2 I 4-2 v 3 ■ l-h3v4 

n 


•« ■ 


4-.. 


7. IP 




/^_3\ 

U- w 27 


-.0 


71 -: 


lAUahahad, 1950] 


[^Rajputana^ 1950] 


[jV(7^/x/r, 19-19] 
. [Bombay, 1954] 

[U.P.F.S., 1959] 
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Test for convergence the series whose «lh term is; 

9 

* 2"H-a‘ l^'agpur, 1948] 

in V'f” -f- 1 ) —•%/« 

n “■ SAligarh^ 1949] 

U. VCw^+l)— iAlig., *57] 12. (1—]/„)n2, 

13. cos(I/«) {Delhi, 1958] 14. sin(l/n). [AUd., 1957] 

15. (]og«)/„. 16 , l/nlognloglog«. 

valulTf of the following scries for positive 


17. 


19. 


18 


2 a" 

2. /T^TT* 

20 . 

2. 4;H-3 • 

21. 


V_L_ 


{Bom., *52] 
{Andhra, 1955] 


{Annamalai, 1949] 
{Patna, 1952] 


22 ■^ 4 - ^ ‘ il? ' 1 . 5-5 x’ 

' 1 ^ 2 ‘ 3 2 . 4 * 5 2 ^ 4 ^' 7 ' + - • • [Pojasthan, * 59 ] 


{U.P.C.S., I960] 


23. l+ix-f + . 

94 . 1 («+2x)2 , (a + 3.v)3 , 

1 2! ' 3l-1954] 

25. *2(log2)^+x®(log3)^+.v<(log4)‘7-f... . [ivtia., *57] 

26. Test for convergence 


(‘*) 1 ^.- 




V' (.*^H-1)(^ + 1] C^+2)(^+2) 

~ (:^+3KJ+3) 


• • 


1 

X 
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27, Test the convergence of conver¬ 
gent and [Lucknow^ 1950] 

on If »n 

H„+j nl'+an*'~^+6n*^”*+<rn*'“®^ 

where ^ is a positive integer, show tliat the series t/iH-a24‘ 
is convergent if A—a — 1 is positive, and divergent if 
A~a — \ is negative or zero. [Allahabad^ 1943] 

29. Show that the «th term tends to zero in the series 

, 1^1.3 1.3.5, 

2 ''2.4 2.4.6^ " ‘ 

Hence prove that the series is convergent. 


30. Show that the product 

1 3 3 5 7 2h^ 

2' 2’4’ 6‘ 6* 2n * 2» 
tends to a finite limit as n tends to infinity. 



CHAPTER Vm 

DETERMINANTS 


8'1, Definitions. A determinant is a parti¬ 
cular type of expression written in a special concise 
form. Such expressions arise in the theory^ of linear 
equations. 

Consider, for example, the equations 

and a 2 X-\-b 2 —^» 

The condition that they may be satisfied by the 
same value of x is —bjai = —^ 2 /^ 2 ' 

d-^b^ d^b-^ 0, (i) 

It is usual to denote the left-hand side of (1) by 
the symbol 

di • 

This is called a detervtinant of the second order^ and 
its value is dfi^ —^ 2 ^ 1 * 

Let us now find the condition that the equations 
a-^x -\-b^y =0, d^x -hb^y-hc^, =0, 

and Hx-\rb^-\-c^=0, 

may be satisfied by the same set of values of x and y. 

On solving the last two equations, we get 
X _ —y _ 1 

^2^3 ^3^2 ^2^3 ^”^3^2 ^2^3 ~”^8^2 


or 

10 TPA 
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If these values of x andjy satisfy the first equa¬ 
tion also, then 


: d. 


! ^2 

^2 1 ^2 ^2 — 

(2) 

^3 

^3 ! ^3 


left-hand side of this by 


1 

h q j 

(3) 

\ a^ 

^2 ^2 > 


1 ^3 

^3 ^3 ^ 



and call (3) a determinant of the third order. Its value, 
as can be seen on expanding (2), is 

^3^2) ^3^2) “l“^l(^ 2^3 ^3^2) * W 

SiinilarJy, wc call 

I ^3 Cy d^\ (5) 




•^3 ^3 ‘S ^3 


I ^4 ^4 ^4 ^4 i 

a detcrminajit of the fourth order, its value being equal to 


^3 ^2 ^3 ' 4 . ' ^2 ^2 ^2 

^3 ^3 ^3 I ^3 ^3 ^3 ^3 ^3 ^3 

^4 ^4 ^4 ' ^4 Cj d^ ( ^4 (^4 

dl j ^3 ^2 ^2 

^3 ^3 ^3 

^4 ^^4 

Each of the third order determinants can be expanded further 
to give an expression like (4). 

In general, a determinant of the nth order contains n 
rows and n columns^ and can be expressed in terms of deter¬ 
minants of the (n —l)th order in a way similar to the above. 
The members comprising the rows and columns of a deter¬ 
minant are called its elements or constituents. 
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EXPANSION 

The student should understand that a determinant is 
just an ^gebraic expression written in a convenient and 
concise form. The advantage of this form is apparent 

when we notice that the result of eliminating x and v between 
the equations 

Cj =0. 

+ ^ is flj 6, 

+ ^ ^3 63 Cal 

^ ^iements in the determinant occur in the same order as 

in the given equations. This is true for a determinant of 
any order. 

8*2. Expansion, (i) We have seen that a 
determinant of the nth order is equal to the sum 
of n determinants of ( 71 —l)th order multiplied 
respectively by the elements of the first row taken 
alternately with plus and minus signs, the deter¬ 
minant of the («—l)th order multiplying a 
particular element being obtained by omitting fiom 
the original determinant the column and the row 
containing that element. 

By a repeated application of the above rule the 
value of any determinant can be finally obtained 
in a form free from determinants. 

(ii) Alternative method. The value of the 
d.eterminant 

^ ^2 ^2 
^ ^3 *^3 

is ^^2^3 '^^3^2 “(“^2^3^1 ^2^1^3 “f“^3^1<'2 —^^2^1* 

We notice that the determinant is equal to 
the sum of all the terms which can be obtained 
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by appending the suffixes 1, 2, 3 in all possible 
ways to a, c. The sign of the leading term 
in which the suffixes (and the letters too) occur in 
their natural order, is positive. The sign of any 
other term is positive or negative according as the 
number of interchanges required to bring the 
suffixes in their natural order is even or odd. 

Thus the sign of is negative, for the order of the 

suffixes is 1, 3, 2 and one interchange is necessary to bring it 
to the order 1, 2, 3. 

This method is applicable to determinants of any order. 

8*3. Properties of Determinants. The 

properties which are proved below, though demons¬ 
trated only for third order determinants, can 
easily be shown to hold for determinants of any 
order. 

(i) The value of a determinant is not altered by 
changing Us columns into roios and its rows into columns; 
that is 

<2j C-y — flg ^3 * (1) 

an, b^ c^ by b^ b^ 

^3 ^3 ^3 ^2 **3 1 

To prove this, we see that the determinant on 
the left 

^3^2) ^^2) ^^3^3) 

~^l(^ 2^3 ^3^2)' ^(^ 1^3 ' ^1^3) ^1^2)? 

on rearrangement of the terms, 

=the determinant on the right. 

(ii) If two adjacent rckos or coluims of a determinant 
are interchanged, the sign of the determinant is changed, 
but its numerical value is unaltered, tliat is 
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flj Cl =— bi ai Cl . (2) 

^ ^2 ^2 ^2 ^ ^2 

^ ^3 ^3 ^3 ^3 

To prove this, we notice that the right-hand side 
=—{bi{a^c^—a^c^) —fli( V3—V2) +*^i(^ 2 <Z 3 —V2)} 

~^(^2^3 ^3^2) ^l(^2^3 ^3^2) “l“^l(^2^3 ^^2) 

=the determinant on the left. 

A similar result can be proved for an interchange of 
two rows. 

Note. By successive applications of this property we 
can bring a row from one position to any other position. 
This shows that when we expand a determinant by the rule 
(i) of § 8*2, the determinant may be expanded in terms of the 
dements of any row, the row being brought to the top to 
determine the sign of the terms. 

Also, by (i), we see that any result which we prove for 
the rows holds for the columns, and vice versa. 

(iii) If two rows or two columns of a determinant 
are identicaly the value of the determinant is zero;" that 
is 

Oi ai Cl =0. (3) 

^2 ^2 ^2 
^3 ^3 Cq 

Let ^ be the value of the determinant on the 
left. Then —4 is the value of the determinant 
obtained by interchanging the first two columns. 
But as these columns are 'identical, there is no 
difference between the two determinants. There¬ 
fore 

i.e., A=0. 
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8*4. Minors and Cofactors, The determi* 

nant obtained from a given determinant 4 by omit¬ 
ting the row and the column which pass through 
any element is called the minor of that element in J. 

Thus the minors of a^, b^, Cg in the determinant 

4=^ (Zj b-y c-y 
^2 ^2 ^2 
I ^ ^3 ^3 

are respectively 



and in terms of these minors, 

b ^ ^^^2 ^2 * 

^3 ^3 i ^ ^3 ^3 ^3 1 

It is, ho%vever, usually more convenient to write 
4 in the form 

4 = -i-^Z2-^2 “I"^2-B2 4-r2^2 

where 



^25 ^2 then called the cofactors of b^, c^. 


In terms of cofactors the result (3) of the preceding 
article can be written as 

where B^y B^ are the cofactors of b-^y b^, b^ in J. Similarly 
it may be shown that 

+ CiC2=0^ 
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Thus we get the rule : 

If the cofactors of the elements of a certain row {or cohimn) are 
multiplied, in order, by the elements of another row\{or columrC), the 
sum of the products is Zero. 


8*5. Further properties, (i) If every element 
in a row, or in a column, of a determinant is multiplied 
by the same constant, then the value of the determinant gets 
multiplied by that constant; that is 


kci 

II 


> 

\ 

kci^ ^3 ^3 

1 


b^ c^ [ , 

^2 ^2 ^2 j 

^3 ^3 ^3 ! 


Let ^ and A' denote respectively the determi¬ 
nants on the right and left, and let A^, A^he the 
cofactors of a^, iri A. Then Axy A^, A^ are 
also the cofactors of ka^, ka^, ka^ in A'. Therefore 


A' =kaiAi -\-ka 2 A 2 

=k{a^A^-\-a^A2-\-a2A^ =kA. 


(ii) If the elements in a row {or column) of a deter^ 
minant are respectively equal to k times the corresponding 
elements in another row {or column), the value of the 
determinant is z^^o. 

For, on taking out the common factor k, the 
two rows (or columns) will become identical. 


(iii) To prove that 



, 


4- 

ttj Cl 

^2 ^3 ^2 ^2 


^2 ^2 ^2 


0-2 ^2 ^2 

^3 + ^3 ^3 ^3 

1 

1 

^3 ^3 ^3 

1 

1 

^3 ^3 
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Let i), A and A' denote the three determinants 
respectively; then the cofactors of the 

elements in the first column are the same for each 
determinant. Therefore 

Z)=(/ij + aj) .^4 1 + (^Z 2 + a 2)2 + (^3+“ 3 )-^3 

+^ 2 -^ 3 +^ 3 ^ 3 ) +(ai-^i~i"®2-^2+®3^s) 

Similarly, if each element in a column contains m teims, 
the determinant can be expressed as the sum of m deter¬ 
minants. 


We also see that 


itfi + ai 61+^x Cl 


1 

+ 


aj+a, Ca 

1 

0% *a+;3a Ca 

1 

o* 

C3 1 

1 

^3 ^3 

1 

“a ^3+^3 *^3 


• fj ' 

' + , 

<^1 

+ 

(Xj ' 

+ 

1 

fla 1 


^2 ^2 


at bt Ct 

1 

1 

^1 

; ^3 ^3 ^3 


^3 ^3 ^3 


0^3 ^3 ^3 

1 

“3 ^3 ^3 


In general, if the elements in the three columns (or 
rows) contain m, n and p terms respectively, the determinant 
can be expressed as the sum of mnp determinants. 

8*6. An Important Rule. The value of a 
determinant is not altered if each element of a column 
{or row) is increased or diminished by the same multiple 
of the corresponding element of another column [or row); 
that is, 


a^ Cy 

1 

a, +/>*! A, fi 

, (1) 

i ZZo bo Co 

1 «■ a* ^ 

1 



^3 ^3 ^3 

1 1 

^3 ^3 ^3 



where p may be positive or negative. 
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To prove this, we see that the determinant on 
the right 


f , 1 

1 

T 1 


^2 ^2 ^2 

1 

1 ^2 ^2 

^3 ^3 ^3 

1 

1 

1 

pb ^ ^3 



=the determinant on left-hand side of (1), 
since the second deteiminant in (2) is zero by 

(ii),§8-5. 


We can prove similarly that 




0\-\-pbi-\-gC'^ b-i Cj 

a% ft 


Oi-\-pbi-\-qc^ b^ 

^3 ^3 ^3 i 


Oi-^pbs + gci *3 Ca 


and also 


Cj Aj Cl 

1 = 


bt Ca 

1 

^t+p^t b^-hge^ r* 

^3 ^3 ^3 ' 


<*3+^^3 ^3 + 7^3 


Thus two (or more) additions and subtractions can be 
made in a single step. But care should be taken that one 
column (or row) is left unaltered, other%vise mistakes are likely 
to occur. 


Ex. 1. Find the value of 

5 7 10 14 . 

2 3 7 6 

3 3 6 9 

5 6 11 20 

As the second, third and fourth elements in the third 
row are multiples of the first element in this row, we shall 
try to make them zero. For this diminish each element of 
the second column by the corresponding element of the first 
column, diminish each element of the third column by 
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^ice the corresponding element of the first column, and 

dimmish each element of the fourth column by three times the 

corresponding element of the first column; then the given 
determinant 

=520 -1 . 

2 13 0 

3 0 0 0 

5 11 5 1 

Expmding this in terms of the dements of the third row 
we see that the determinant is equal to 


2 

0 

-1 

II 

o 

0 

-I . 

I 

3 

0 

1 

3 

0 

I 

1 

5 

11 

1 

5 


on increasing the elements of the first column by twice those 

of the third. On expansion in terms of the elements of the 
nrst row, this gives 

-3 1 2 1 =-3(1-33) =96, 

11 1 I 

Hence the value of the given determinant is 96. 

Ex. 2. Show that 

I I * * ={f>—c){c—a){a--b){a-\-b-\-c). 

a b c 

a® IDelhiy 1954] 

Diminishing elements of the second and third columns 
by the corresponding elementsof the first column, we see that 
the given determinant 


1 

0 

0 

1 

i 

II 

a 

b—a 

c—a 

! b^—a^ c^—a^ 

a® 


f®—a* 



= {b—a){c—a) I 1 1 

1 b^-\'ab-\-a^ 

=(b~a)(c~a) (c^+ac—b^^ab) 
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^{b^a){c—a)(c—l>){c-^b+a) 

=(A —c) (c — a) {a — b){a-\-b +c ). 

Alternative Method. If we put b^a m the deter¬ 
minant 

111. (1) 
a b c 
1 a=* c® 

two of the columns become identical and the <3cteimmant 
vanishes. Therefore a—A must be a factor of (1). Similarly, 

A —c and c—a are also factors of (1). 

A consideration of the leading teim Ai:® shews that the 
expression (1) must be of the fourth degree in 
Therefore, besides the factors a—A, b—c and (1) will 

contain a linear factor. Also this factor w^be symmetrical 
in a. A, c, as (1) is symmetrical in these. Hence 

1 1 1 ^(a—A)(A—a)A:(a+A+c). 

a b c 

a® A® c» 

A comparison of the term Ac® on the two sides shows 
thatA = l. Hence,the result. 


Examples 

Calculate the values of the following determinants : 

2 . 

4. 265 240 219 . 

240 225 198 

219 198 181 

[AUahabad, 1960] 



a b c 
b e a 
cab 
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5. 21 17 7 10 . 

24 22 6 10 
6 8 2 3 
5 7 12 

\BanafaSy 1949] 

Prove the following identities : 

7. A+c c-t-a a-{-b =2 a b c , 

g-\-r r-\-p p-^q P 9 ** 

y-\-Z ^+jt x-\-y X y z [UUa/, 1952] 

8. a* be ac+c* =4a*5*c*. 
a*+< 2 ^ b^ ae 

ab b»-\-bc c» lAligark, 1952] 

9. 1 a a* =(A-c)(c_a)(a_A). 

I b b^ 

1 c c* 

10. a A a^r+Aji = — (a^—A*)(aJc®+26*>'4-o’*). 

^ c bx-\-cy 

ax+by bx-\-cy 0 [Sagar^ 1949] 

11. a^b—c 2a 2a ^{a+b+c)\ 

2b b—c —a 2b 

2c 2c c-a-b [A'ajAaiir, 1951] 

^.'12. X y z =(y~Z)(Z^x)(x~y)(yz-\-Zx-j-jy). 

x^ y* Z^ 

y^ ^ xy {Rajasthan, 1959] 

13. abed =^(a-\~b-\-c-\-d){a — 6-j-c—rf) 

bade X (a— b — c~\-d'){a-\-b — c — d), 

c d a b 

d c b a 


15 29 2 14 

16 19 3 17 
33 39 8 38 

{Agra, 1958] 


{J^agpur, 1950] 
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Solve the following equations : 



x—2 2x—3 3.r—4 

X— 4 9 Sat —16 

X—8 2ai: —27 3x —64 




4x 6x+2 8x + l 
6x + 2 9.T + 2 12.V 

8x4-1 12x 16x4-2 



[Aora, 1951] 


[Lucknow, 1950] 


8*7. Multiplication of determinants. 


4 = 

''i 

and 4'^\ 

Pi Yi 

1 

^2 ^2 ^2 

t 

1 

1 

1 

®2 Pz Yz 


1 ^3 ^3 ^3 

\ 

1 

1 *^3 Pz Yu 


then where D = 

+ ^ia3 + ^l^34-^iy3| • 

^ktfii A-CfYI aia2-\-l>^2'^^iyi ®2a3 + ^s^3‘i'‘^2y3 
fi3ai4'^3^1+^3yi ^3®2'i'^3^2 4 ‘^sVa ^3®3 + ^3^3+^3y3 ' 

To prove this w'C sec that the determinant D 
can be expressed as the sum of 3x3x3, i.e., 27 
determinants. 

One of these determinants is 


^1^1 ^ 1^2 ^ 1^3 



< l ^ O-1 ^ 2*^2 ^ 2^3 


^2 ^2 ^2 

^ 3^1 ^ 3^2 ^zPz 


^3 ^3 ^3 


which is zero, because two of the columns are 
identical. 

A little consideration will show that 21 out of 
the 27 determinants will be zero. Of the deter¬ 
minants which do not vanish, one is 
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flltti C-^7^ =“1^273 =“1^273^' 

flotti Cays ^2 ^2 ^3 

«3«1 ^SVS ^3 *3 ^3 

Similarly the other non-zero determinants con¬ 
tain ^ as a factor. Collecting them together, we 


see tliat 


jD = (ai,j92y3—aiPaVa +“2<®3yi““2^iy3+“3^i>'2 

— 03 ^ 2 / 1 )^ 


=J\ J. 

A similar result holds for determinants of any order. 


Note. Since we can interchange two rows, or rotN^ into 
columns in one or both of the determinants J and A betore 
multiplication, the product of two detcr^ants can be 
expressed as a determinant in several ways. But on expansion 
these will all give the same result. 


Sometimes the student is required to express a given 
determinant as a product of two dcteriiunants. in suen 
cases he should tr>' to reconstruct A and J by an inspection 
of the terms in Z>, as has been done in the example belmv. 


Ex. Express {a — x)^ (6—.r)® {c A')* 

1 (a-y,® (fr-y® (c-y* 

, {b-zY {c-zY 

as a product of two determinants. {Banaras^ 1960] 

The given determinant, D say, 

= a2_2aA-fx® b^—2bx-\x^ r®—2rx+x* . (1) 

6®-2*y+y c^-2cy+j>* 

a^~2aZ^Z^ b^-2bZ^VZ^ c^-2cZ^Z^ 

If this is equal to AA\ then an inspection of the ele¬ 
ments shows that the three rows in A contain 

x,y and Z respeotively; and the rows in A will contain tcrins 

in a, by c respectively. 
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Also the first element in the first row can be written as 
therefore let us put, tentatively, 


i)= 

1 

X 

x^ \ X 

; 

-2a 

1 


1 

y 

y i 

*2 

-2b 

1 


1 

z 



~2c 

I 


Tliat this is the correct result can be seen by multiply¬ 
ing out the last two determinants and comparing the result 
with (I). 


8*71. Product of two determinants. Alternative 
proof. Consider the equations 

a^X+b^r=0\' ' * ■ 

where X=a^x-\-a 2 y\ 

r=/3,r+/3,7l • ■ • 

and suppose that x and y are not zero. 

Then, in order that equations (1) may hold simultaneously 
we must have either 


(1) 

( 2 ) 


b. 


= 0 , 


(3) 


or ^=0, 2^=0* This latter condition gives, by (2), 


a 


2 




=0. 


(4) 


But if in (1) we first substitute for X and T their values 
in terms of x and _y, w'c get 

Now the condition that the equations (5) may hold 
simultaneously is that 

= 0 . ( 6 ) 

This condition must be equivalent to the conditions (3) 
and (4) and will be satisfied if either of (3) and (4) is 
satisfied. Therefore, the determinant in (5) must contain the 
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determinants occurring in (3) and (4) as factors. A con¬ 
sideration of the dimensions shows that the remaining factor 
must be numerical, and comparison of the coefficients of 
shows that this factor is unity. Hence 

Oi I X flia2 + ^l^2 • 

fla ^2 . “2 ^^2 I o^ai+^zS-i asOa + Aa^a 

It is evident that the above metliod is perfectly general 
and applicable to tlic product of two deteiminants of any 
order. 

8*8. Solution of Simultaneous Equations. ^ The 

properties of detenninants can be used to solve linear simul¬ 
taneous equations. 

Suppose we have to solve the equations 

^2-'’ =0, 

-h -h = 0 • 

Let ^ <*2 > 

; flg Aj Cj 

' <73 ^3 ^3 

and denote the cofactors of the elements in J by the corres¬ 
ponding capital letters. 

Multiply the given equations by Ai, A^, Ag respectively 

and add; then we get 

the other terms vanishing by § 8-4. As the coefficient of x is 
equal to A, we see that 

Similar results hold for_>> and 

Expressing the numerators diAi+d^A^-^-d^Af, etc.,which 
occur in the values of x,>and C, as determinants, we see that 

_ X __ —y 

bl Cl di fli Cj <f2 

bf Cg </j Of c% df 

bz Cf df Of Cf df 
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Examples on Chapter VIII 



Find the values of the following determinants : 


la 22 3* 42 i 

1 2. 

1 1 1 I 1 1 . 

22 32 42 52 ' 

1 

1 

12 3 4 5 

3* 4* 52 6* 


1 3 6 10 15 

42 52 62 72 

1 

I 4 10 20 35 1 

[Lucknow, 1954] 

1 5 15 35 69 1 


[/I llahabad, 1951] 





a a 

a 

^ i 

* 

4. • 0 

4 

a 

b 

" 1- 




a X 

a 

^ i 


a 

0 

c 

b 




a a 

X 

a 


b 

c 

0 

^ 1 




a a 

a 

X 


c 

b 

a 

0' 




[Annam., 1953] 





[Andhra, 1960] 

1 

1 


1 

I 


6. 


a® 

a 1 

1 • 

1 

1 -f 

b 

1 

1 




62 

b 1 


1 

1 


l-i-c 

1 



c® 

C2 

r 1 


1 

1 


I 

\-Vd\ 





d I 

1 



I w w 
to Ol* 1 
a>* 1 


[Rajast/iari, 1957] [U.P.C.S.y 1947] 

• , ^v•herc cu is one ol the imaginai*y cube 
roots of unity 

IDelhi, 1958] 


Ui 


8. Prove that \ be 

a 

a* 

! 1 «2 


j ca 

b 

62 

I 62 

6® 

\ ab 

c 

c2 

I ^2 

c® 

« 


and find the value of the second determinant. {Aligarh, 1953] 


9. If 0, solve the equation 

a~ X c h \ =0. 

I 

c b —X a i 

b a c—x I 

[Andhra, 1954] 

11 TBA 
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10. Show that x=2 is a root of the equation 


X 

—6 

— 1 

2 

—3x 

jv—3 

1 -3 

2x 

x-f2 


and solve it completely. 1948] 

Prove the following identities : 

11. ; 1 bc-\-ad h^c^-ya-d^ \ 

1 ca-\-bd c^a~-^b^dr 

I ab+cd a^b-^c-d^ ) 

= — (^b —C; (c—d) (a — b) {a—d) {b —d) (c~d). 






16 . 


I ^2 he 

I A® A® —(f—a)- ca 
I (-a c 2 —(a—A)a ab 


= (A —r) (r—< 2 ) (<7—A', (a + A + r) (a®+A® 4-c*). 

[Allahabad, 


(Arc)- < 2 - 

A® {c--a~ b- 
^2 Cu-^h)^ 


—2abc{a ■ - A -He) ®. 


[Gauhati, 1959] 


(a- 


■x\ a (A 

'^0® (A 
C- (A 
=2^A 


-.v;® Cc~.r ® 

-yA c^-v)* 

(y_;:)2 ; 

-f (e—a){a—h)(y 


1954] 


4 

5 

6 

X 

^{x- 

-2y-^C;® 

5 

6 

7 

y 



6 

7 

8 

z 



X 

,v 


0 

\ 

\ 


I 

a 


dja 

— bed 

—0. 

I 

b 


A® 

-\-cda 


1 

c 

r- 

r3 

* dab 


1 

d 


d^ 

rdhe ; 



[LucknoiVy 1955] 


[Gorakhpur, 1959] 
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17. ab ac 

ha 1 be 

ea cb c^+\ 

da db dc 

*8. i2+c* + l c2+l 

c2+l (r2+a2+l 
6^+1 

h-^c c-^a 
19. Express as a detenni 


20. If CO is one of the 
show’ that 


1 

Ol 


0.3 

(JJ 

0.2 


I 


0.2 

1 

u> 


1 

w 



ad =a3+6a4-^2_^^2^1_ 

bd 

cd 

+ ^ IKarnataky 1954] 

A*+l b+c =(bc-\-ca-\-ab)^ 

fl2 + l c+a 

+ l a+b 

3 1950] 

nant 0 c b 
c 0 a 
b a 0 

imaginary cube roots of unity 

I I -2 I 

" 1 I I -2 : 

-2111 
1-211 


and hence show that the 
is 3v/(-3). 


value of the determinant on the left 

[U.P.F.S., 1960] 


21. Prove that the determinant 

—ab ac 
ab — b^ be 
ac be —c® 

is a perfect square, and find its value. [Aligarh, 1953] 

22. Expre ss 

2bc—a* c* *2 
r* 2ac—A* a* 
h^ a* 2ab —r* 


as a product of two determinants and hence find its value. 


[Gorakhpury 1960] 
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23. If ... are the cofactors of fl,, r^. 


then show tliat 


^ = flj bi Cj 
^3 ^3 ‘'3 

J2=| Bj C\ 

t 

\ A 2 ^3 


[Ostnania^ *54] 


24. Show that 


i 

^«2 

xy-Z- ’ 

II 

K® 

( 

z.\ —y^ 

.vy-C* 

_yC— 

<» 

i "* 


1 

■y— 

)-C —A* 


u- 

1 


r* 1 

u’herc r“=A*-*-- y*— 

C* and 

u^^yZ-\ 

-Cv-^-.rr. 




CHAPTER IX 

MATRICES 


9*1. Definitioxi. A set of mn numbers arranged 
in an array of m rows and n columnSy 


tfi On a^ ... { 



is called a matrix. 

When m--^n the array is called a square matrix of 
order n. 

A matrix is frequently denoted by a singh- 
letter A. The numbers Aj, ... are called the 
elements of the matrix. 

In elementary algebra attention is mainly focussed oi< 
single numbers. These numbers are combined by various 
operations, such as addition, multiplication, etc., to obtain 
other numbers. But in some branches of algebra one has 
to consider a set of numbers. For example, in analytical 
geometry of three dimensions, tite coordinates of a point arc 
given by a set of three numbers; and in a case of transforma¬ 
tion of coordinate axes, the direction cosines of the new axes 
are given by a set of nine numbers : three for each axis. Tin* 
former set of numbers could be represented by the matrix 
[x )’ and the latter by the square matrix 

mj Hi 
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When operating with such a set of numbers, it is often 
more convenient to treat the set as a single entity. For ex¬ 
ample, the set of simultaneous equations 

(ZjXj-i- <23^3 =^1, 

o'" xX-y-\-a” 

may be symbolically represented by the simple equation 

AX=B. 

Here A will represent the array of numbers aj, fl*, •••, X the 
numbers x-y, Xg, Xj and B the numbers b^, b^. Unlike a 
determinant, a matrix cannot reduce to a single number, 
and the problem of determining the ‘value’ of a matrix 
never arises. 

But if we give suitable definitions for addition, multi¬ 
plication, etc., of matrices, we obtain a powerful and 
convenient method for dealing wth problems connected wath 
sets of simultaneous equations. These definitions are given 
in the sections ^vhich follow. 


The theoiy' of matrices has been found of great utility in 
many branches of higher mathematics, such as algebraic and 
differential equations, astronomy, mechanics, the theory of 
electrical circuits, quantum mechanics, nuclear physics and 
aerodynsimics. In the elementary treatment given here 
only the application of matrices to the solution ol algebraic 
linear simultaneous equations is considered. 

To indicate the position of an element in a matrix, the 
elements are usually denoted by a letter followed by two 
suffixes. Thus a matrix with m rows and n columns may be 
•written as 


a 

a 


11 

ai 


^18 ^18 


^2* ^ 


83 


a 

a 


in 

2 n 


• •• 




mn 


The suffixes r and s in the element indicate that the 
clement is in the rth row and Jth column. In this nota- 
lion the symbol 's generally used to denote the above 
matrix. 
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9*2. Addition o£ matrices and other 
definitions* (i) Two matrices A and B are said 
to be equal if A has the same number of rows and columns 
as B, and each element of A is equal to the corresponding 
element of B. Thus, for equality, the two matrices 
have to bfe identical in every respect. 

(ii) If two matrices A and B have the same number 
of rows and the same number of columns^ then the sum 
of A and B is defined as the mafnx each element of which 
is the sum of the corresponding elements of A and B. 
Thus 

r«i C 2 fJ-Tdi \-Ci a^ - c^ a^ i 

Ui ^2 M 1^1 ^2 1^1 ^2 

Similarly, A~~B is defined as the matrix wliose 
elements are obtained by subtracting the elements 
of B from the corresponding elements of *1, e.g. 


r 1 

2 

2 ' 

3 

— 

■211 
2 2 


[-11- 
0 1 

3 

4 . 


1 2 3 


1 1 


(Hi) If k a number and A a nuitrix^ then kA is 
defined as the matrix each element of which is k times 
the corresponding element of A, that is, 

[<^2 ^2 ^ 2 ! ^^2 ^^ 2 ] 

Since the addition and subtraction of matrices are based 
directly on the addition and subtraction of their elements, 
it follows that the commutative and associative laws, viz. 

\ A, 

and (A^-B)e,-C=-A - ''/i C), 

will hold good lor the addition and subtraction of rnatiices 
also. Similarly, the distributive law 
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k{A-\-B) =kA-\-kB 

holds when A is a number and A and B are matrices. 

It also follows from (ii) and (iii) that we may -write 2A 
for A-\-A^ AA for 7.4—3^4, and so on. In other words, the 
matrices obey the ordinary laws of algebra. 


Ex. If A=\2 3 n and B-=\\ 2 -H, 

[o -1 3j [o -1 3j 

2^-3^ = f4 G 21-13 b —31=fl 0 51 

[O -2 lOj [0 -3 9j (0 1 ij* 


find 


9*3. Multiplication ol* matrices. The pro« 
duct AB of two matrices A and By is defined only 
when the number of columns in A is equal to the 
number of rows in By and follo\>s a pattern some¬ 
what similar to that for the product of t\^•o deter¬ 
minants. For example, the product 

*'1 ^ 

hn fo /^t /^2 * * * 

I ‘"a W'l >'2 

L''/4 ^4 '’4, 

is defined as tlio matrix 

^ 1* 'l ^'*1^2 ^1»^2 

^2^1 ”^8^1 ^2"^^2/^3 ^2')^2 

^3^1 ^^3^2 ^‘^3/^3 ~ ^3/^2 

—(’4)1 ^^4*^2. ' ^4^2“^4>'2- 

Id get the product (2) \\ e take one ro\\ from 
the first mati'ix and one column fi'om the second 
matrix in (1), and obPiin the product of each 
element in the row ^N-ith the corresponding 
element in the column. The sum of these pro¬ 
ducts forms an element of the product matrix (2). 
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If^ve start with the nh ro\N of the first matrix and 
the yth column of the second maiiHx, we obtain 
the element in the rth row and rth column of the 
product matrix. 

Using elements with double suffixes, ihe rule for multi¬ 
plication of matrices can be stated as follows. 


Let A and B be the matrices 


^11 

t/j2 ... 

■ 

and 

Oy*> 

... bip 

^21 

^ 2^ • • • 

"2n 

1*21 


t 

... '‘2p 

• 4 ♦ 

'^mi 

« » 4 « P • 

••• 

• • « 

1 *;;. 

• • • 

^'»12 

• * « % « ♦ 

0 


with m rows and n cohimns^ and n rows and p columns, respeclivelj. 
Then the product AB is defined as the matrix iv/ime element in the 
rth row and sth column is 


The product matrix will have m rows and p coiuinus. 

The student should note that the addition or iiuihlpli- 
cation of two matrices A and B have been defined under 
certain restrictions. A and B can be added only when .1 
has the same number of row’s and columns as B, while the 
product AB can be formed only when the number ol columns 
in A is equal to the number of rows in B. VVe express this 
by saying respectively that A and B are conformable for addi¬ 
tion, or conformable for the product AB. The student should 
also note that two matrices A and B may not be conformable 
for both the products AB and BA, and even if they arc, AB^ 
BA, in general. 

When /I is a square matrix w'e can form the product AA, 
i.e., v4*. We can also form the continued product ABC ol 
the matrices A, B and C, provided A and B are conformable 
for the product AB, and B and C arc conformable for the pro¬ 
duct BC. In such a case, it can be shown that (^AB)C = 
A{BC), and no ambiguity arises wh<*n ^^'e write ABC. 

Kx. If d 

product AB, and (ii) show that /P 4.1. 


! —I 
-I I 


jand-& = ^2 2 f]- form the 
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(i) 


- 111 ; 5 


(ii) 


=r 1-3 

2-2 

3-n=r-2 0 

i-l+3 - 

-2+2 

-3 + lJ [20 

A^=\ 1 -n 

X[ 1 

-n^r 1+1 

1-1 iJ 

1-1 

ij t-i-i 

1-1 Ji 

-2^1. 


A^=AK4 

=2 A A = 

:2A’^4A. 


Ji¬ 
ll 


- 1-1 
1 + 


Therefore 

9*4. Special matrices. We have already 
defined a square matrix as a matrix in which the 
number of rows is equal to the number of columns. 
A row matrix is defined as a matrix having a single 
row, e.g., [1 2 3]. A column matrix is a matrix 

having a single column, e.g., 

’ V 


v, 

L-Vgj 


A square niauix of order n which has unity 
for its elements in the leading diagonal and zero 
elsewhere is called the unit matrix of order n. It is 
generally denoted by I. 

A matrix having e\'ery element zero is called 
a null matrix. It is denoted by 0 or O. 

jExamples of unit and null mati'ices are res¬ 
pectively 


1 

0 

0 

and 


0 


0 

1 

0 


[o 

0 

oj 

0 

0 

1 






square mati ix of the same order as /, 

ia^ai=a. 


Also 
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is not a square mati'ix but has m rows and 
n columns even then IA=A^ and Al=A^ provided 
that in lA the unit matrix is of order m while in 
AI it is of order n. 

Similarly, it can be verified that 

OA =A0=0, 

where O is a null mati'ix. One should note, how¬ 
ever, that AB=0 does not necessarily imply that 
.4 or B is a null matrix. For instance, if 

^=[_| I], 

the product AB is a null mati'ix, although neither 
A nor B is a null matrix. 

9*5. Related Matrices. A matrix obtained from a 
given matrix J by changing its rows into columns (and vice 
versa) is called the transposed matrix oi' A. Thus the matrix 



is the transposed matrix of 

pi <^11 _ 

[flg rjJ 

The transposed matrix of A is usually denoted by A'. 

When we have a square matrix 

dj /•'i ^1 

0% b^ C2 ... ( 1 ) 

^8 ^’8, 

we can form a determinant A from the elements of tlic matrix. 
If J=0, we call the given matrix a singuhr matrix. If 
it is an ordinary or non-singular matrix. 
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The cofactors ...of the elements Aj, tfj, ... in 

A can be used to form a matrix. The transpose of this 
matrix, namely 


* i ^ •Xj 

bI 

c, c. 



is called the adjoint matrix of (1). 

The matrix obtained by dividing each element of (2) 
by A is called the reciprocal matrix of (1). Evidently the 
reciprocal matrix is defined only %v'hcn the original matrix 
is non-singular. If the original matrix is denoted by d, 
its adjoint is denoted by adj A and its reciprocal by A 
Also, from definition, -•I"' = (adj A')IA. 


A property of the reciprocal matrix is that 




To prove it we see that 


AA-^ = 

r 


<1 

X i 


A. 

• u 


as 

b. 

<«' 

J 


Bl 



^3 


‘s 


f-i 




J! 

J 

i 

J 


a^'l-^ -y b^B-y - J 




J 0 

0 


1 

0 0 

0 A 

0 


0 

1 0 

0 0 

A 


0 

d 1 

We may similar 

Iv 

4 

prove tl 


a\A^-\~^\B;i' 3 

Jji Ig "f Cjf g 


9*6. Solution of simultaneous equations. Keeping 
in mind the rules for multiplication oi matrices and their 
equality, the student will easily sec that the equations 


are equivalent to 


the matrix equation 


ai ri 

X 

.V 



^3 ^3 


V 



<^9 ^>3 <■» 


♦ 
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•or, brii'flv by, 

AX=^D, (3) 

AS'herc A, X and D represent respectively the three matrices 
in (2). Multiplying both sides of (3) by the reciprocal mat¬ 
rix we get 

A-^AX^J-W, 

or JX=A-W, 

or X=A-W, 



This gives the solution of equations (1). 


Ex. Solve, with the help of mairircs, the simultaneous 
< (juations 





x-r-j>-r 

< ~ 







x-l-2j 

4-3 


4, 






.r-f 4^ 

-i ^ 


6. 



3 If* re A = 

, 1 

1 

1 .=i 1 

1 

1 1 

^-2. 




1 

2 

3 , '0 

1 

2 





I 

4 

9 i 0 

2 

6 




A,= 

, 2 

3 

=6,/tj = i 

3 

I 


1 2 

1=2, 

■ 4 

9 

* 1 

0 

1 

' 1 

1 4 

4 

A,= 

' 4 

9 

= -5, 

■ 

9 

I |-8,6'j = | 1 

1 4 

= -3, 

1 

i 1 

1 

t 

1 

1 

1 1 M 

1 1 


iJ 

II 

1 

1 


I 

1 

--2,C3-| ! 

1 1 


f 

2 

3 


3 

1 

, 1 

i 2 



I’lirrelore a] -1 6 -5 llx 3 1 18-20-f 6 

j- -G 8-2 4 18-^32-12 

•r 2-3 1 6 G- 12 r G 

rrrl 4 
- 2 ^ 

9 

0 

So >=l, C=0. 
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Examples on Chapter IX 


1. Evaluate 


(i) 

[1 

2 

3] 4-[4 5 6]. 



(») 

fl 41 

+ [2 

- f 

3 81 

• 

12 6 

b 

-5j 1 

-2 Sj 


(iii) 

3ri 

6 

2] ' 

-2 [2 9 

-61. 


U 

3 

-sj 

[4 -5 

3] 


2. If^=l 

0 

1 2 

and B = 

1 - 

-2 



1 

2 3 


— 1 

0 



2 

3 4 


2 - 

-1 


form the product AB. Is BA defined 


3. If^ = 

1 -2 3 

and B = 

10 2 


2 3—1 


0 1 2 


—3 1 2 


1 2 0 


form the products AB and BA, and show that AB^BA. 

4. Form the product, AB and BA^ when 

(i) 


(ii) 


A = 

0 

I 

, B = \0 1 

2] 


1 

0 

12 1 

oj 


0 

1 




A^[l 2 3 4], B = 



5. If^ denotes the first matrix of Ex. 3, and / the unit 
matrix of order 3, evaluate A* —3^+971 

6. UA denotes the first matrix of Ex. 3, obtain its trans¬ 
pose A* and form the product AA'. 

7. Evaluate 


(i) 

2 

1 

— 1 

X 

1 

3 

Xf 5 31. 

4 

-3 

-5 

7 

6 

3 


4 — 
-2 

6 

5 

1-2 ij 

(ii) 


1 

-2 

X[4 5 

2]x 


2lx[3 2]. 
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8 . 

II 

■ 1 2 ] 

. 4 -3 J 

, evaluate A-, and A^^. 

9 . 

If A = \ 

cos a 

sin a 1, 


L 

—Sin a 

cos a j 

show that /l”=r 

cosna 

* 

sinna 


L 

—sm na 

cosna J 

when n is a positive integer. 



[Hint. Apply the method ol’induction.] 


10. Prove that 



a h g 


X 


h b f 


y 


gfc 


z 


=[a.x‘^-\-by' \'c:t^-^2fyz-\-2gZx+2hxy]i 

[^Rajasthan, 1960 ] 



Obtain the matrices A'y adj A and when 




is defined as /-l-/4+.«4*/2!+/l*/3!-j-..., show that 

^A—^rQOsh;irsinhx‘l, when A’=\x at] 

[sinhxcoshArJ [x x\' 



CHAP'FER X 


SUMMATION OF SERIES 


10- !• Method of Differences. We have 
considered in chapters I and H the suimnation of 
binomial and exponential series, and in chapter V 
the summation of recurring series. The student wjU 
already be familiar with the summation of arith¬ 
metic and geometric series. 

We shall now consider the summation of a scries 

b\' expressing its general term Uj as a difference of 
tw o terms y, —If are able to do so, the sum 

will be 

{Vx — V^ -!-(y2 —Z'l) 4-(2^3—+ — 

i.C., ^0* 

10'2. u.,j a product of r factors in A.P* To 

find the sum to n terms of the series for which 

u \n f7i/?'i{/i-!-(K-^l)^}+ 

^ n i. -* > « 

where a, b, r are constants. 

Here cvcrv term is the product of r factors in 
arithmetical progression, and the first fetors of 
the terms 7 ^^, aritoetical pro¬ 

gression \Nith the same common difference. We 

notice that 

uj\a~r{n-hr)h]—{a-r(n—l)b]] 

—^ {r-hl)b 

~ (r + l)fr (r + l)6 




SUMMATION* OF SERIES 


173 


Writing w —1 for n in the numerator of the first 
term gives us + —1)^}, which is easily 

seen, on writing out the factors of in full, to be 
the same as the numerator of the second term 
in (1). Moreovei', the denominators are the same. 
Therefore, if we denote the first term by the 
second term will be Hence 


^^here , j-r)/.] 

(r + \)h ’ 

\ > 

aiid, by § 10-1, the sum to n terms 

— r.',. —To- 

Since z'ois indcjjendcni of//, wcgei the foilotNing 
rule for the sum to n terms : 


Multiply bj the next factor in the A.P.^ divide by 
the number of factors thus increased and by the common 
difference, arid add a constant. 

The constant is found by putting n = \ in the 
result, or by putting n ~0 in as below. 

Rx. I. Find the sum to n terms of the series 
1 . 3 . 5 - 3 . 3 . 7 ") . 7 . o I ... . 

Here t/n -('In \ '2n , 1 ‘"In - i ; licucc by the riilt' 

_('2« ! )(2// ! 3 f2n ">) , 

h.-' -1.2 

I’o determine C, i>ut n - 1. Since jj //, 1.3. .*>, \vc y,ri 

1 . 3 . 5 —- i 1 1 . 3 . 3 . 71 y r/, u r f - V • 

Therefore = ],(2n , 3''-'2« r.j;i ; I'),'. 

Ex. 2. Sum to n terms the scries 

1 . 2.3 4 2.3 . , 3.4.7 • ... . 

Here Un—n(nn 1, (2« r I), and is not of the .standard f<.i m. 
But we can reduce it a.s follo\^■s. 

u„ =:«(« -f 1) (2n4'4 —3) 

=2 . 2)—3 . 1), 


12 TBA 
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SUBIMATIOX OF SERIES 


both terms now beinef of the standard form. Therefore by 
the rule. 

the constant b(*ing zero ns Ibr both the terms, 

1''C/H-2V{h-l3-2) 

• Awf/j - - I j ‘ 'n - - 2 -. 


10*3. t’n the reciprocal of r factors in A.P. 

To find the sum to n terms of the series for lohich 

/[(rt ~nb}{a-^[n —| ... {^7 -- [n~-r— 1)/»}], 
where a, b and r are constants. 

Ifwctakc 


E-„ ^ ]l[[a-r[n~h\)h}[a^{n i-2)b] ,,.[a + \n~]-r— 

ia 4-(« -t-/'-- 1)^} — -l-nb} 


then Vn-i- '^'u = 


, - ( 


{a -yiib\[a -r f.n 1 )^} .. .[a -- ( n -hr— 1 )b] 

— l)i.Wn- 


Therefire -'-u^ 4- ’• 

t'o ^'l) (^'l ^’ 2 ) '"'h* 1 ' ^n) 

Since t’o^^ - I *3 constant we c^el the follow- 
ip..g rule for the sum. 

Remove thefiir^t faelor from the denominator of r/,j, 
divide hv the number of factors thus diminished and by 
the common dijfererre of the A.P., and subtract the resjilt 
font a constant. 

The constant is found by puttin,^ 1 in the 
result, or b>' finding i\y 


I'.x. 1. Stun i.« n lerms the serir-s 
-! 7 10 . 


2 . 3 . 1 “’ 3 . 4:5 ’ 4.5 . tS 


'T 


lAnrmmalai, ’53] 
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Here 




3n4-i 


3«4-3—2 


(« + l)(n+2)(n + 3) („ + l)(„+2j(/2 + 3) 

3 2 


(/i+2;(n-h3; („-{-l)(„4.2)(«-[-3y 

Hence, by the rule, 

3«-t-5 


3 2 

,7T3 2(«+2)(«+y) 




(«-J-2)(n + 3)- 


Putting « = 1, we get 


_!_ =C — 

2.3.4 


« ^3 

374' ^ = 6- 


Therefore — -g — (3n 5) ^(n 4-2) (k ---3). 

Ex. 2. Show ihai 

I 


* 5 - -i- ,1—_ -i- ... to CO —log 2 — 1. 


1 . 2 . 3 ‘ 3 . 4 . ‘ 5 . (>. 7 


[Pootia, 1960] 


Here t^n = l/{(2n —l)(2/j)(2nT-1)}, and though the factors 
in the denominator are in A.P., the first factors of the terms 
«i> « 2 ) are not in the same A.P. Therefore the method 
of the preceding article is not applicable. Breaking up into 
partial fractions, we sec that 

I _ 1 . 1 

''"~2(2rt~l) ri '^2r2n '■ IT 


Hence, the given scries 






10*4. A third type, 'rojindtliesumlonleriiisoj thfsfiiti 

a , a(a+x) a(a-{-x){a , 

h b(b-\-xy b{b-\-x)(b.-)r‘^xV'' 

. a{a -\-x){a-^2x) ... {a I )a-J 

rc ^’n-b(^bj^x)(^b+2x)...{b-\-{n-\)xy 

Let i/n=Pn(a-l-«x). 
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Then I'n 


SO that 

y\lso 


fl(fl+Ar) ...{a + Cn—2)x}{a + (» —1 )a) 

~ 6(*-h.v)...{A + («—2 ).t} 

^’n — ^’n-i =“n [ ('^ + — f * “r (« — I) ■<}] 

=u„(a-b~\'x). 

^ 0 o 


Therefore Wj -ru^^ ••• i Wn 

_ (r^—a)+(i’2 — ^’i)+.I'n-i ) 

a —A+.v 

-- {w,/a - ; «.v) — a}'(a — A-Ha 


.JjiirA 

a —A+.v 


Examples on Chapter X 


Sum the follo\Wng series to ri terms 

1. 1 . 3 L3 .5-rO . 7-h ••• ■ 

2. 2. 5.8 + 5.8.1 H 8.11 . 14 + ... . 

1 . 5.9-:-r>. 9 . 13 + 9 . 13 . I7 + ... . 

4. 1 . 3.5.7-r3.5.7.9 + 5.7.9.11 +... . [.•lnHam.,*53] 

5. 2.4.6--i 4.6.82 + 6.8 . lO^ I ... . 

6. 1.4.7+2.5.8:3.6.9 ... . 

7. 1 . 2.3+4.5.6+7.8.9 r... . 

Sum the following series to n terms and to infinity. 





^ ' J ^ ^ -L 


1 .3 ‘ 3.5 ‘ 5.7 

L+_1. + _L- + 

2.4^3.5^4.6 ■ 

1 . 3 , s'*" 3.5.7*^5.7.9 



[-^«</Aia, 1955] 


[A'arnafak, 1955] 
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11 . 

12 . 


1 


1 


-I- - 


1 


\j .T3 ‘ 9. 19 . 17 ’ 13 . 17 .21 

1 . > J 

~ 577'''3.5':7.9 ' 5.7.9. I 


4* 

J 


13. 

14. 

15. 


Sum to infinity the series 


5 . „ 

1 .2.3^ 3.4.5 


9 

57*6.7 


16. Ua:^2, sum to n terms the series 

1 , 1 .2 1 - 2-3 . _ 

a ' d(a + l) ' fl(rtn-l)('j 72 ) 

Sum to n terras the scries 



5 5.7 , 7^._7_^9 

6 ■^ 6.'8 ''* 6 . 8.10 



r... .lAndhra,"55] 


[^Annam., 1952] 


[Mysore^ 1952] 

[Andhra, ’52] 


[Arinam., 1952] 



MISCELLANEOUS EXAMPLES 

1. Show that the following series are equal : 

, 1-4.7.10 . 

4 4.8'^4.8,I2'^4.8.12.16'^*" ’ 

and 

i_l2 , 2.5 , 2.5.8 . 2.5.8.11 

6 6.12*^6.12.18^6.12.18.24'^‘‘' ’ 

2. Find the sum of the series 

1 , 1.4 1.4.7 , 

6 "*■ ^12 GTTOS • t-* arnatck, 1959] 

r the coefficients in the expansion 

oi (l+.v)" when n is a positive integer, prove that 

(i) fo-2rH-3r2-4r3 r...'r(-I)"C«-rl)‘-n=0. [Utkai;b2'\ 

(ii) Co^-r+CiCr+i = = (2n) \{n-i r) I 

4. Show that 

1_ ,_1_, I , 1 2”~2 

1 ! (n -1)! "^ 2 !(n -1 2 ) ! + 3! -'3)^! (T-lJlV. ^ ^ « f ' 

5. If ,v<I, expand {log^ (1-i .v^]- in ascending powers 

[Agra, 1953] 

6. Show tliai 

log,V12 = l.(-(J + 4)J + (J+J)J + + 

[Rajpulana, 1953] 

7. If represents the sum of the products of the first n 
natural numbers taken two at a time, prove that 

iU.P.C.S., 1946] 
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8. The numbers .r, -C are real and not all equal. 
Prove that 

10-v*+sy-{-13 ^ > 2 4-4^-2:+ 9 -Cat) . 

[C/.P.C.5’., 1940] 

9, If 1— 2a-, i—4_y and x+2jy be positive, prove lliat 

(1—2x)(l—4^)(x4-2^) cannot be greater than 

[Aunamalai, 1949] 


10. Prove that 

1 3 5 2n-l ^_I_ 

2 ' 4 ’ 6 ’‘' 2n~ '"^/(2n-i-\)' 

11. 11'a, b, c are positive, prove that 

a , b , c 
h rC ’ r rff '^b' ® 


12. Show that 

a-W '"'‘^ "' b ■ 

where a, by c .n o posiiiv** numbers. 

13. IfO<A- :.r, prove that 

log(l r.v'i^logCl I-A 

U>iX}' 


I 


loG V 


1951] 


\.\gray 1952] 


14. Show that 

+i - f ... -A {Xagp„r, ’ j-l] 

15. Ifr l)c the sum of n positive unequal numbers a, b^c, ... 
then show that 

_u—d_ j_ ’58] 

s — a s — b ' s — c 1 

10. If ffi, a..y an arc positive and 1 ...4 (7„ :..l, 

prove that 

* * -. ... f-— [LucArwio, 1953] 


a, a. 


a 


n 
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17. ir<?, b, c arc any real numbers, show that 

{b-\-c — a)^~\-(c-^a—b)^-\-(a-\-b—c)^'^bc-\-ca-^ab> 

[Aligarh, I960] 

18. If a, b, c be positive rational numbers and tliC sum 
of any t^v•o greater than the third, show that 

('('(‘ 

19. Prove that 

a'^-i-y 6* -he*), 

\vhcre a, b, c are positive quantities. 

20. Resolve into partial fractions 

:c® 

Cx-h2j*C*»+2; ‘ 

21. Resolve into partial fractions 

O.v^—24 a:*-1-48a' 

(:r-2)*(x-hlT • 

22. ResoJ\ c into partial fractions 


[L'jcknow, 1960] 
[Banaras, 1952] 

[Agra, 1958] 


A* 


{.V -1 )772 H- f) 3 * [Rajasthan, 1960J 

2:1. Resolve .v'V(v~47)(a* —/»)(-v— r) into partial fractions. 
Hence show that 


a 




.1 


a — b){a—c<fa—il} (6^a)(b—c)(b—<i) ' (c—a)(c—b)(c — d) 

24. II — _!_=_lL_ ’ ^ 

'1 —a.v) (1 —bx) 1 — r?A'^ 1 —b.x ’ 

J I yl/? 

prove chat = + 


[Afadras, 1951] 

25. S!k)\v’ that il jA'ICl, the cocfiicient of a*®” in the ex¬ 

pansion in ascending powers of a, of x®/(.v®-rl)(A-—1)® is 

i{l-2/I-4a®4'C-^)"-^^■ [U.P.C.S,, 1939] 
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26. Expressing — 

as a simple continued fraction, find two poivnomialsand B 
such that 


A 1} -i-1) - -1. [ U.F.F.S., 195.^1] 

27. Find the value of 


n ' i_ _L \( juj ^ 

\a+ 6-1- €+ a h a-r 

20. Find the nth convergent to 

1 I I I 

3+3-i-3+3-r"- 


19G0J 


[Allahabad, 1933] 


29. Express 763/396 as a continued fraction, and hence 
find the least positive integral values of and_>' which satisfy 

396.V—763> = 12. [Agra, 1952] 

Test the convergence of the following series: 



[Lucknow, 1952] 



T * 


[i^ladras, IfMiOJ 



[Aligaili, I9GUJ 




._1 _ a . 1 . 0 _ 

■ 3 4 ’ s ••• • 


[/{ajaslhan, lf)jf»| 




_.v _ 2x2 

a. 12-yA ' a.n~-'b ' '■ ' 

\l3anaias, 1958] 

a a{a-rd) a{a-\ d)(a-\-2d} , , 

b'' b(b-}-d) h(bA-d)(b-j-2dj '' * 

[Allahabad, 1959] 
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36. 


1 . J . 5.7 A-' I .3.5.7j_?_LiL~4-... 

1 ^ I y 


2 + 2.46 ‘ 2.4.6.810 2-4.6.8.10.^1214^^^^ 

37. Test the convergence of the scries 

vo-.vi-i- f-.r*'* “+' *-• •• • IRajpulana, 1954] 

38. If is a convergent series of positive terms, prove 
that Tu,,- \vill also be convergent. 

3J. irovt^Uia^t ^ .-^^(aa-r f>^^cy){al^bm-\-cn). 

I 0 i 


m 

n 


-r 0 

b —a 


a 

n 


[Allahabad, 1955] 


40. Resolve into factors the determinant 





3(2 

2 

3ff 

1 1 

• 



.1 

ty 

a-- 

-2a 

2a 1 

1 




it 

2a 

;-i 

rt 2 

1 




! 


3 

»*> 

o 

1 

[Patna, 

vh; 

It 







.V 

[ 

VI 

I 

t 

A — a . (a* 

-ft 


a 

X 

V 

1 

1 





a 

ft 

.V 

1 

1 





a 

ft 

* t 

; 

1 




r ( 1 • f 


42. 

that 


w, « na\c any values i- 

irfl,v4-4v+f-: = l.'>v4n' ' ay-\-h^=0, prove 


.V 


y Z 

9 

X y 

.r ,v 


a 

b 

c 


I 

a 

b 


h -. 1 . 

c 

a 


[Gujarat, 1959] 


43. 


Prove that 

I a~ — bc b--~c(i c' — iib 
I r-^tsb a- —be b^-ea 

; h^—ca e‘—ab a- —he 


(1 

h 

e ' 

c 

a 

b 

' b 

c 

a 


[Sagar, 1951] 
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44. Show that 


0 {a-^y (a-yy ■ =2[(P-y){y ~ aj 

(^-a'y 0 i^-yy ; 

(y —a)2 (y—0 

[Rajasthan^ 1960] 

45. Express 

b--\-c- nb ac | 

ba be ( 

ca cb a^-\ b- 

as the square of a determinant and hence evaluate it. 

{Pooria^ I960] 

46. Solve I)y the method of determinants, the equations 

2a--H3>’ —4^-1-16^0, 

3,v_- -0, 

■v-l J'2—0. [Katnalii/c, 1959] 

47. Solve completely the equations 

ax-’rby 
aix-\-b^y + 

l)y making use of determinants. [Kashmir, 1952] 

48. Prove that ilic product of the two matrices 

[ cos=* 6 cos 6 sin f cos* cos ^sin i] 

cos^sint? sin* 0 J, [cos ^ sin ^ sin* ^ J 

is zero when 0 and difl'er by an odd multiple of in. 

\RajasthaT 2 , 1960] 

49. For the matrices 

1 I 1 1 [253 

\ 2 3 am! /J - 3 1 2 

14 9 [ I 2 1 

show that {AR)-^=/i~^A~K ICalaiKa, 1960] 

50. Sum to n terrms the series 


4 

1.2 



.5 

iTTs 




[Gauhali, 1960J 



THEORY OF EQJJATIONS 


CHAPTER XI 

PROPERTIES OF EQUATIONS & ROOTS 

11-1. Preliminary. A function of ;c put equal 
to zero is generally called an equation if the fu rtion 
is equal to zero only for special values of .v. Thus 
;^;3_3x+2=0 is an equation, because 3;»c+2 
is actually equal to zero only \vhen ;c is equal to 2 
or 1. For other values of .v this expression is not 

equal to zero. 

Since some lerms of an cqiu lion may be transposed to 
ilie ridu-hand side, an equation may be written ui other 
forms aJso. For example, .v^ r2 =3.v is also an equation; but 
it is convenient to transpose all terms to the Icfi, and lei me 
right-hand side be zero. 

is equal to zero for every value of.v, thcnj(.r)=0 
is called an idenlily. For example 

.v2-3.y-!-2-(.v-1)(a--2) = 0 

is an ideniiiv. Often identities also are referred to as equa¬ 
tions, but in'the strict sense this is wrorg. If it is ncceswr>' 
to indicate that a relation is an identity, the sY’mbol.-is 
used. Thus/(.v)=0 means that/(.v) is identically zero. 

If;; is a positi\c integer, the expression 

where a,, arc constants, is called ^ 

nomial. Some of the constants flo, ... may be 
zero, though Uq is always tahen as non-zero. When 
the polynomial contains only two terms it is termed 
i\s a binomial. 


PIVISION OF A POLYNOMIAl- 


la.") 


A polynomial equated to zero gives us ^rational 
integral algebraic equation. 

Here the word rational denotes that fractional powers 
of a: (like etc.) do not occur in the equation. The 

word integral denotes that fractions (ax-\-b) !(c.\-{-dj or 

more complicated ones) do not occur. The word algebraic 
denotes that trigonometric functions like sin x, cos a-, etc., 
or logarithmic or exponential functions (like do not occur. 
Only rational integral algebraic eciuations will l)c considered 
in this and subsequent chapteis. 


Any value of x which satisfies an equation is 
called a root of that equation. The determination 
of all the roots of an equation constitutes, the solution 
of the equation. 

We shall take the standard form of our algeb¬ 
raic equation to be 

<7qX" ^ ... d-flii-jX -f^n — 

or, after division by 

-y" -f/'i-v”“* -ry/o.Y”"“ d -... 

From now onwards we shall use f{x^ to denote 
the left-hand side of the last equation. The term 
Pn /(x), which does not contain ,y, is called the 
absolute term. 

The degree n of the highest Icim in an equation 
is called the degree oj the equation. 


Thus x2 — 3.v-r2 = U is an equation of tlic second degree, 
and x^— \ -=0 is an equation of the tlnrd degree. Equations 
cjf degree 2, 3 and 4 respectively arc also cix\h‘.(} quadratic, cubic 
and biquadratic equations. 


11*2* Division of a Polynominal by a Bino¬ 
mial. It is often required to divide a polynomial 
with numerical coefficients by a binomial with 
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numerical coefficients. It is important, therefore, 
to have a method by which this could be carried 
out quickly and conveniently. To obtain such a 
method, suppose that when 

aQX^ (1) 

is divided by .r—//, the quotient is 


and the remainder is R. 


Then 

"-2 -f ... -f- in_2.r+6„_i) -fi2. 


Equating the coefficients of the various powers 
of .r, we get 

I’o i,=ai+V'. 

^2 =<22"^"^l^^ ••• r ( 3 ) 


These relations will enable us to find ^o, ^ 2 j 

and R. The working can be conveniently 

arranged as follows : 


^0 ^3 ^2 ••• 

bn/t h^h b„-ih 

b, T, ^2 “* C'n R ‘ 

In the first line are written the successive coeffi¬ 
cients of the expression (1). Now Gq (or ^o, which 
is equal to it) is multiplied by /i, and the product 
is written below aj. The sum of these tw o (a-^ + VO 
gives b-^ by (3). Next b^ is multiplied by // and the 
product written below a^. Their sum gives b^. A 
repetition of this process gi\'es all the coefficients 
of the quotient (2), the last sum thus obtained 
being the remainder R. 
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The student should divide ...x — /i 

by the method of long division and comi)arc his work with 
the above. He will notice then ihat the above is ordy a 
convenient way of writing ilu* various steps in one line. 

This method is \isctiil in certain important operations in 
of E.'iuaiions (see §§ 11-21, 12-14, 14-5). 

Ex. Find the quotient and the remainder when 
3.v*+11a3 + 23.\2-^ 21a-10 is di\i<led by .v j 3. 

Here /i=—3; and the calculation mav be arraneed as 
follows : 


o 

11 

23 

21 

— 10 


— 9 

- G 

— 51 

90 


2 

1 7 

- 30 

80 


Hence the quotient is i 2.\=^4-1 7.v —30 and the rernninder 
is 80. 

Note. The missing pt)W<-rs, if any, in the polynomial 
to be divided must l)e indicated by zero roefhcienls. 

11*21. Evaluation of a Polynomial. Let 

J(x) be a polynomial which on division by x~/i 
gives a quotient Q^^x) and a remainder R. 1 lien 
R, being of a lower degree tlian must be 

a constant. I'Juis 

/(x) = fx--/,)Qfx) : R. 

Putting .V—// in this relation, we get 

/!//) 72 , 

i.e,, the value of the poijnomuil f{x) for is equal 

to the remainder obtained on dividing f{x) by x — h. 

This is quite a convenient ^\ay ofcvaluaiing a polynomial 
for specific numerical \alues oi .v. 

Ex. Find the value of 3.v ‘ 1 ll.v^ 23,v^'} 2lv—10 for 
A —_3. 

On dividing the given polynomial by .v-i -3 (see ex. above), 
we obtain the remainder 80. Hence the required value is 8o! 
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11'3. Properties of Equations, (i) 

is a polynomial, a and b are real, andf{a) and have 
opposite signs, one plus and the other minus, then iM 
eqmtionf {x) =0 has at least one real root between a and b. 

We know that the polynomial /(at) is a contin¬ 
uous function of ,r (see Text-Book on Differential 
Calculus by Gorakh Prasad, Chap. I). So, as x 
passes through all the values from a to b,f{x) must 
pass through all the values from/(a) to f{b). But 
of f(a) and /(A) one is positive and the other ne¬ 
gative. So, a\ least for one value, say c, of x, lying 
bet\\ een a and b, f{x) must become 0. Then c is 
the required root. 

The student should clrau- a graph. If he would attempt 
to join the point {a, f(a)} and {b, f{b)} by any continuous 
cur\’e, simple or complicated, in passing from /(a) to7(t>) ftis 
curve is bound to cut the .x-axis (>’=0, i.e.,/(.v) ^0) at least 
once. 11 may cut it 3 or 5 or any odd number of times, and 
so between a and b there must be at least one rootof/^.x) —U, 
but there may be any odd number of roots. 

(ii) Every equation of an odd degree has at least one 
real root of a sign opposite to that of its absolute term. 

, Let the equation be f{x) =0, where f{x)^ 

absolute termdoes not 

contain or any power of x as a factor. Hence 

/lO) 

/(+oo) = 'foo, because when Arisyeiy large, 

is much larger than PiX''~^-\~PnX'' 
and therefore .t" largeandpositive 

ct'en if pjX^-'^ -f- is negative. 

Similarly /(—oo)—— co. 

Case I. If pn positive, we see by (i) above 
that tliere is at least one root between x = — co and 
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A*=0, because —oo) is negative and /[{)) is 
p>ositive, i.c,, there is in this case at least one 
negative root. 

Case n. If is negative we see tliat now/(O) 

is negative and /(oo) is positive, so that now tJicre 
is at least one positive root, w'hich proves the pro¬ 
position. 

Note. Strictly speaking oo is not a number: the student 
must note that we have used coin the above only for “a 
sufficiently large number.*’ \Vc shall do so in the futiirr also 
without pointing this out. 

(iii) Every equation of an even degree^ whose absolute 
term is negative^ has at least two real roots^ one positive and 
one negative. For now' /(~oo) is positive, /(O) is 
negative, and /( + co) is positive, on account of V' 
being positive both for and^== —co. It 

follows by (i) that at least one root lies between 
= —00 and ;v=^0,and at least one root lies betw een 
and + 00 . 

11*31. Number of Roots, (i) We |shall 
assume here that every algebraic equation has at least one 
rooty although that root may be a complex number 
of the form a-\-ib. The proof of this fundamental 
theorem is difficult and beyond the scope of the 
present volume. 

(ii) Every equation J{x) =0 of degree n has exactly 
11 roots. Let be a root (by (i) this must exist) 
Divide/(A:) by x—a.^. Then if (x) is the quotient 
and R the remainder, w e know that R must be of 
a lower degree than a— a,; i.e. it cannot involve .v 
it must be a constant. Thus ’ 

/(^)=(^—«i)Cii (a) \-R. 

13 TBA 
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Putting .V — ttj in this, we find that y(ai) 

But by hypothesis Oj is a root of /(a-) =0. So 

Therefore also 72=0. Hence 

/W=('V-ai)Q,iW* 

The equation ^(a) =0 now reduces to 

GV“ai)Q,i(A)=0, 

which is equivalent to .v —aj-=0 and Q,i(^) “0. 
Then by (i) above, (ii(A) ==0 must have a root, say 
ao. Proceeding as before, we can show that f{x} 
is equivalent to 

(.V—Qj) (a 02 ) ~0, 

and so on. "We shall finally find that /(a) =0 is 
cqui\'alent to 

(a‘ a j) (a ag) • • • (a a„) - 0, 

w hicli has exactly 71 roots. So the equation/( a) =0 
also has exactly n roots. 

Some of these roots may be complex (imnginnry), and 
some may be. equal to one another. 

CoROLi-ARirs (i) IJ the roots q/'/(x) — 0 arc a, y, then 

/(x)=Ca- —y)... . 

(ii) If a poivnomial /(a) of degree n vanishes for more 
than n different values of .v, it must be identically zero, for 
none of the factors a —a, a-*^, ... can vanish by substituting 
for .V a value different from a, .... 

(iii) If two polynomials in a, each of the nth degree, be 
equal to each other for more than n values of .v, the poly¬ 
nomials must be identically equal, i.e., the coefficient ol 
every power of x in one must be equal to the coiTcsponding 
coefficient in the other. 

11*32. Imaginary roots. Ij the coefficients in f{x) are all 
real, and a-\-ip is one of the roots off{x)^0, then a—i^ must also 
be a root, i.e., imaginary roots occur in pairs. Here 1 stands 

for •%/ C" ^ h 
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Multiplication shows that 

Now divide/( at) hy (a-- a) ^Let the quotient be 
it\x) and the remainder, which cannot be of a degree liieher 
than 1, be ^Rd being real numbers. 

Tlien /(x)={(A-a) 2 _|_^?| 

Put in this Since, by hypothesis, a-'ri^ is a 

root,/(a-|-i^) =0. Also this value of a- makes 

equal to zero, since a—( a i i^) is one of its factors. \Vr get 
therefore 

Equating tlic real an4 imaginary parts of llie right-liand 
side separately to zero, and solving, we see tiiai 

/?]-() an<l —0. 

Tills shows tliat is a factor of/( a), i.e., 

AT— (a-b^jS) Rnd .V — both arc factors of/(.v) sliowing 

that and a—ifS both are roots of f(x)=^0. 

Corollary. A similar proof sliows tliat if the cocfil- 
cients of y(A:) =0 arc rational, surd roots of tlie form y-!--y/S 
occur in pairs. 

Ex. Solve 3 a*-- ^A''■’-i A-i-'BB=0, one root being 

2 i \/( — 7j [Giijaraty 1959J 

Since the given equation has real cocflicicnts,2 —y/( —7) 
is also a root of the given equation. Mence two of the factors 
of the left-hand side of tlie given equation arc 

(a—2— iV7) and { x ~2 ' ri \ n )‘ 

Their product, i.e. (.v—2)- 1 7, 
or .v^—‘I. y; II 

must, therefore, be a factor. 

Dividing out the given equation by .v-—‘lA-i-lI, we get 
3 a: 4-8=0. Hence the remaining root is —8;3. Thus, the 
roots are 


2±»V7, -g. 
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11*4. Descartes’ Rule of Signs. The number 

of the positive roots of the eq^tion f{x)=0 cannot exceed 
the number of changes of sign {from-\- to — or from 
— to in the terms occurring in f{x)* 

To illustrate what is meant by the number of changes of 
Sign, consider tlic following equations : 

.v=>_2.v*-i-3.T-7==0, 

.v1-:-2.v2-u3.v-7--0, 

x3-2;t2 + 3.v-! 7=0. 

In the first equation the first term has the sign +, tlic 
*^cxt , the next after that -}- and the last one —. Writing 

these signs consecutively, we have H-. Counting 

the changes of sign, we see that there are 3 changes of 
sign. Similarly, the second equation has only one change of 
sign, and the last one two changes of sign. 

Consider the case of any equation tajceii at 

random. Suppose the signs of the teims arc as 
follow s : 


-Multiply the equation by x—a where a is any 

positive number. The signs of the teims in the 

multiplication ^viU be as shown in the following 
scheme. 


-i_ 

I t j 

A _ 

i 

-i- J- 

1 ’ I • i 






( 1 ) 


i-x M Descartes’ Rule of Signs after Rciic 

I -I ^ ^'h-lboOj the great French mathematician and 

pli.lovoplicr after wJioiu the Cartesian axes arc named. 
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In the sum, certain terms are certainly positive, 
being the sum of two positive terms; others are 
similarly certainly negative; but in the case of those 
terms which aie obtained by adding two terms of 
different signs (one positive and the other negative), 
wc cannot say for certain whether the sum is positive 
or negative: the sign will depend upon the numericid 
values of the terms. The sign has, tliercfore, been 
indicated by showing that it may be 

positive or negative. Also, if the given ectuation 
contains n signs, the sum (1) will contain n -j-1 signs. 

Now if we deliberately assign to the ambi¬ 
guous signs such signs (-f' or ~) as will give tlic 
least number of changes of sign in (1), there 
cannot be less changes of sign between the first n 
signs in (1) than the number of changes of sign in 
the given equation. [The student will get con¬ 
vinced of this at once when he tries to minimise 
the number of changes. These will be obtained 
by taking the upper sign in d: or d- everywhere 
I (I)*] Moreover, there is an extra sign in (1) and 
that certainly involves one more change of sign. 

Thus multiplication of f{x) by x —a, where a is 
» positive, has inci'cased the number ot changes of 
j sign by at least one. 

' Suppose now that a polynomial is formed by 

multiplying out the factors which give negative 
and imaginary roots. Then, if a, y, ••• are the 
positive roots, successive multiplications by x~a, 
X — p, ... will each increase the number of changes of 
^ sign by at least one. Hence in the complete cqua- 

^ tion there will be at least as many changes of sign 

as it has positive roots. 
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CORJOLLARY. Thc number of negative roots of f{x) 
=0 cannot exceed the number of changes of sign tnj[-x). 

For, if/(x)=(.v-a)(.r-^)(x-r)-, then 
/(— x)=( —l)"(-V + a)(A+P)(ATy) ■ 

Therefore the roots of/C—.v)=0 are —a, — 
i.c. are numerically equal to thc roots 
but of Uic opposite sign. Consequently the 
number of negative roots of/(x)=0 is the same as 
the number of positive roots otJ{ x)—V. 

If the number of positi\e and negative roots 
of an equation of degree n is found by Descartes 
rule to be not more than 71', where » <n, we can 
infer at once that at least 7t — 7i' of the roots ofj(.v) 

^ -0 arc imaginaiA . 

Ex. Show that ilK- Fcjuaiion -0 ha. at least 

uvQ imaginaiy roots. 

\s there is unlv one change ot sign in 2.\ —I, the 

equation under consiclcralion cannot have moic than one 

positive root. , , , 

M.o -vlor.v.xM-nelA’-; also has 

only 011 c chauj?c of sisn. So llu- given ccjualion cannot base 
more than one negative rotfi. 

As Ihr "iven equation is of the fourth cU grcc, it must 
have four roots. It folhnvs that at least two ol thc roots arc 

imatfinarv. 

' ■ Examples 

1. Find thc quotient and the remainder when —5.v* 
IOa' -ll.v —Gl is divided hy .V —3. 

2. Find thc quotient and the remainder when 2 a^ 

’ 3 is divided by a -;-2. 

[Hint. Thc coefficients to be wiiiten in the lir.l hue in 
this ease arc 1, —2, O. 0, (.•. a.J 

3. If/(A-)-A-H 3 a- -3a— 2, Imd/C-l) and/C-2). 

‘1. Evaluate 3 a<-:-2a^-6.v — ‘1 I'nr 
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R tint 3 fi—lx-\- 2=0 has one negative root, a 

positive L^Tbeteen 1, and another positive root 

greater than 1. q i 6 

6 Form the equation whose roots are —o, i> S- 

I. Form an equation with rational coefficients uvo of 

whose roots are 1 +V2 ^ 

8. Solve the equation 

— 1-1-86a- 2 — 176x 4-105 — 0, 

two roots being 1 and 7. 

9 Solve 2 .v*-4;c3 + 1U=-9a- 26=0, one root being 
10. Solve 6,r‘-13.x3-35.v»-* + 3=0. one root being 

2—\/3- [AojAmtr, 1953] 

II. Show that the equation aH-.x=»-2x=+^-2=0 has 

at least one pair of imaginary roots. \Calcuila, 19bUJ 

S...W .1... 

imaginary roots. i-'^ 

13. Show that ;<._*>-10.r+7=0 has 
four imaginary roots. [Allahabad, 1959] 


11-5. Relations between Roots and Coeffi- 

cients. Let the roots of the equation /(x)—0, 
%vhcre 

/(x) = -rpn, 

be a^, 02 , ctu* Then 

,V“ —0.2) •••(^ “n)* 

Multiplying out the factors on the right-hand 
side, and equating the coefficients of the various 
powers of X on the two sides, we get ^ 

/*! “ “ (‘H “^“2 "^^3 » 

p2 — ~t" (^1^2 “1“ ^l “3 “I” U2U3 “b • • * ®n—l®n) ) 
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««4 

^n = (— 

Denoting -ra^ by Ua^y Ojag faiOg 

-h...+a„_ia„ by I^a^a^y and so on, the above result 
can be written briefly as 

Pi~ —/'a /'a “ ■**> 

Note, (i) i7aia2 ...a^ means tlie sum of all 
terms of the type a^aa 

In every equation m which the coefficient of 
THE highest degree TERM IS UNITY, the coefficient 
of the second term with its sign changed is equal to the 
sum of the roots; the coefficient of the third term is equal 
to the sum of the products of the roots taken txvo at a time; 
and so on. 

(ii) Tlic above results arc true only when the coefficient 
of At" is unity. If this coefficient is different from unity, care 
must be taken to divide out the equation by that coefficient 
before applying the formulae. 


11*51* Application to the solution of an equation* 

The student may think that the n relations obtained above 
would be of help in obtaining all the roots and thus solving 
the equation. However, this is not so, unless some additional 
relation or relations between the roots arc given. 

For example, let a, JS, y be the roots of the equation 

—C“+^-r'/> 

/»2 = ap-fay-l-^y. 


Then we ha\ c 
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If wc wish to find a from tliesc, we may substitute for /S-fy 
and J3y from the first and third equations in the second and get 

/>2 — —a (/»i -Ha) —pzJo., 
or a.^+piO-^-\'pza.-\-p^=0. 

This equation is the same as equation (1), only a occurs here 
in place of x, and therefore is equally difficult to solve. A 
similar result will be obtained on starting from an equation 
of any other degree. 

When an additional relation between the roots is given 
it can be used in conjunction with the other relations to 
obtain an equation of a lower degree than the original equa¬ 
tion. This is illustrated in the example given below. 

Ex. Solve the equation — 3x-\-2 =0, given that two of 
its roots arc equal. 

If the roots are a, a and two of the relations between the 
roots and the coefficients of the equation become 

and ar-\'2a^~ —3. 

Eliminating ft, wc get 

a2 4-2a(-2a)=—3, i.c. a2 = l, 

giving a = l or —1. The latter root is inadmissible as it 
does not satisfy the original equation .t® —3A:-i-2 =0. Now 
a = l gives /5 = —2. So the roots arc 1, 1, —2. 

, 11*52. Symmetric Functions of the Roots. 

Symmetric functions of the roots of an equation arc 
such functions of all the roots as involve each root 
in the same w ay, so that the function is not altered 
when any two of the roots arc interchanged. 

Thus a“+^^Ty“and +y"a 

~\-ya?' i\xc symmetric functions of the three roots a, 
p and 7, while is not‘a symmetric 

function. In the last function, if we interchange 
a and p wc get p'^a-]ra^y-ry^p which is not the 
same as tlic original function. 
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The values of symmetric functions of the roote 
of an equation can be generally easily found, 
without finding the roots themselves, by the use 
of the relations obtained in § 11'5. 

Ex. 1. For ihe cubic t 1*“^ the value of 

Wc liavc 

Sciuariiig it, wc have ^a^-\-2Sa^=p~. 

Therefore Ta“——2^. 

Ex. 2. If a, /3, V be the rooLs of ibc cubic equation 
i i?x |-r=0, find the value of 

/3+y y-ra 

The given expression 

r y“-(v-'-aKa4i3) y-){a^4-a^-r^y+ya? _ 

Ca i-y 1 '>3-1-0^ f^y+ya) 

Now Sa = -P and therefore the denominator 

^( -p^a) >2 ^1- q, = - -\-pa- -p ^a.-!rpg) 

=r—pq, since . «?a-! r~0. 

The numerator “2^(,lS“4--/“)(a"-7 q) =22^a~^--)r2q2^a'' 

:=2{C2’ajS:/--2aj8-;' Ta] ■r2^-(J:a) = -2rajS} 

-2[r-2/*r}-'r-2?{/-*-2<7}=2^-?-4/>r-2(r. 

Hence the given expression 

_ ‘lf)^q—^pr — 2q~ 

“ r-pq 

Note If the student finds auv diiiiculty in seeing why 
2 ;(^^'i-y=)(“®-r 7 )=--a-^--r 29 ra 2 , he should write down 
the value of the left-hand side in lull as 
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Multiplying out and collecting similar tcrni see that it is 
equal to 

2i7a=^2_j_2g^a2. 

He can adopt the same procedure for some of the subse¬ 
quent steps till he becomes familiar \vith the S notation. 


Examples 

1. Solve 3A’*'f4=0, two of its roots being equal. 

2. Solve the equation ^=*—9^2+23*—15=0, it being 

given that the roots are in arithmetical progression. 

^ [Allahabad, 1960] 

3. Solve A® — 6a- f 3.v ! 10=0, the roots being in arith¬ 
metical progression. 

4. Solve 3 a3—26a2 + 52a— 24=0, the roots being in 

geometrical progression. [0s7n(triia, 1954] 

5. Solve 6 a3 —11a2-!-6a —1 =0, the roots being in har- 
monical progression. 

6. Solve A®—4-36=0, given that one root is double 
another. 

7. Solve 2 a=‘ 4 -.v*— 7.V—6=0, given that the difl'erence 

of two of the roots is 3. \Sagar, 1949] 

8. Solve A®—5 a^—2x 4-24=0, given that the product of 

two of the roots is 12. [Delhi, 1958] 

I 

9. The equation x*—2Aa4-4.v2-h6x—21 =0 has two roots 

equal in magnitude and opposite in sign; determine all the 
roots. [Andhra, 1960] 

If a, V be the roots of the equation .v®4-/>-v®4’^«4-r=0, 
find the value of : 

10. Slla. [ihTyrore, *48] 11. [Aligarh, ^52\ 

12. i:]3V* 13* 

14. (^4"yKy'b^)(^'l“P)* [Del/ti, 1958] 
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15. If a, jS, y, S be the roots of 
find the value of Sa^^y. 

16. If the roots of A^+3/«2-h3?j:4-r==0 arc in harmo- 
nical progression, show that 2q^=r(3pq—r). [Sogar^ 1950] 

11*6. Derived Functions. Let f(x) denote the 
expression 

A" ^ . 'rpn-iX (1) 

If X is changed to x-\-/iy/{x) becomes/(.v+Zt), i.e., 

{x^h)^-^pi{x+h)^-H'p2{x-^h)^-^^...^Pn-i{x-^h)+pr,, 

or A" +/>iA"-i "Pn 

H- A{nA"-i 4- (n - ^)PiX^-^ 4- C« -2>2a"- 3 -i- ■ • ■ -rpn-i) 
-1--0*"-" +(n -1) («-2)A-v"-='+ .^ 

+ ... ( 2 ) 

It is seen that the terms free from h in the above expression 
arc same as those in (1), i.c.f{x). The coefficient of/i in (2) 
is called the Jirst derived funcUon of f{x')y and is denoted by 
f'{x). The coefficient of A®/2! is caUed the second derived 
function of /(x), and is denoted by /"(a); and so on. The 
student will easily see that/'(.t) is the first differential coeffi¬ 
cient of/(x);/"(.v) is the second differential coefficient of 
/(a) ; etc., and that the expression (2) is the expansion of 
f{x-\-li) by Taylor’s theorem. 

11*7. Multiple roots. Let die difTerential co¬ 
efficient of/(x) be/'(x). Then a multiple root of 
order t of the equation f{x) —0 is a multiple root of order 
r —1 of the equation f\x) =0. 

If the root a of the equation f{x) ^0 is a multi¬ 
ple root of order r, i.e., if a occurs r times as a root, 
then 

y, ... being the odier roots of fix) =0. 
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Differentiation shows that 

/'(*) =’■(* —••• + (•';—a)' 


dx 


{(at— 


We see that (x —is a factor in f'{x). Hence 
the proposition. 

Xhe equation y(x) =0 is called the first derived 
equation of the equation /(^)=0; the second, third, 
etc. derived equations being /''(a-)= 0, 
etc. 


Ex. Find the multiple root of 

a;*-2.v34 2.v-1=0, 
and thus solve the equation. 

Here the first derived equation is 

4x^—6xi+2^0, i.c., 2:t« —3 a=41 =^0. 

Now the G. C. M. of.T*—2A®-f 2Ar—1 and 2 a*—Sa^ + I is 
as the student can easily verify. Hence (a — 1)* 
must be a factor of the left-hand side of the given equation. 
Division shows that the other factor is a-}- 1- Hence the roots 
are 1, 1, 1 and —1. 


11*8. Sums of Powers of Roots. Ifa, y,... 
arc the roots of the equation f{x) =0 w’C have 

f{x)^{x—a){x—P)(x~y)... . 

Taking logarithms of both tlie .sides and 
differentiating 

■^ 1 =---+——!-•••• ( 1 ) 

f{x) x~a x—p x—y ^ 

Now, (;c— 

Similar expansions can be obtained for die other 
terms. Substituting in (1) and collecting die 
cocfEcicnts of we get die following rule : 
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The suin of the nth pouoers of the rootSy i.e.y 2a^y is 
equal to the coefficient of ^ in the expansion of 
f'{x)lf{x) in pQwers ofxr^. 

Ex. Find the sum of the fourth powers of the roots of 

.V — 1 =0. 

Here/'(A)-3.x2-l. 

Therefore f’{x)lf{x) =(3a-— a — 1) 

=;(3.v-i-a-3}(! 

Therefore Ta* = thc cocflicient of a^^ in (1) 

=^3-1 -2. 

Ex.ampi.es 

Solve tlic foUnwing equations which have midtiple roots: 

[/InrfAra, I960] 

[Kamataky 1954] 


1 . 

o 


[Mysore y 1948] 
[Gorakhpur y 1959] 
[AHaheibnd, 1959j 


8a-» :-20A-=-'rl4.r4-3=0. 

x4-9a-"-T4a-1-12==0. 

3. a-*-6a2-1 8a—3=.0. 

4^ I7.v2—l7A--i 6=0. 

5. 8.V^ 4.y= -1 8a®4-11V-2 =0. 

6. AS-.x®4-4A-®-3.r-42=0. 

7 Determine tlic condition that the cubic 

c®+3//^+G=0 

should have a pair of equal roots. 

8. If the equation aa® pSiA- -i-Sev-; rf=0 has two equal 

roots, show that each of them is equal to 

{bc'-ad)!2{ac~b'^). [Cauhalty 1960] 

9. If the equation AB-10a®A®4-&*.v-'rc8=0 has ^rec 

equal roots, show that 9 a^4-c®=0. [Nagputy 19j4] 

IP. Find tltc sum of the fourth potvers of the roots of 

a'3—2a-®4-a —1 =0. 1948] 

11 Find the sum of the fii'th powers of the roots of the 

equation a-«-3a®-1-5a=-12.y-!-4--0. [^'agpuTy 1949] 

12 If a, /3, y be the roots of the cubic A.t®+cA-! <^=9, 

fiud the value of a^+jSM [Allahabad, 1960] 
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*11*9. Sturm’s Functions. Though Descartes* rule of 
signs gives an upper limit to the number of real roots of an 
equation, it does not give their exact number, nor does it 
give their location. Both of these things can be determined 
?)y a theorem due to Sturm, which is based on the considera¬ 
tion of the signs of a seqxiencc of functions obtained as follo^\•s. 

Lct/(.v) be a polynomial and let f^[x) be its first derived 
function. Divide/(.v) by and let the quotient be 

and the remainder Next divide /iC-v) byy 2 (.v), ana 

let the quotient be remainder —We 

can next divide by f^{x) to obtain the quotient 

and the remainder This can be repeated till \ec get 

a remainder —^vhich is clihcr a con si ant, or ^yhich 
divides the previous remainder completely. I hen 

the functions 

./inC') 

are known as Slurvi's functions. 

We sec that f^\x)Jfx), ..../m(A-) arc virtually the succes¬ 
sive remainders in the process of finding the G. C. M. ol 
f{x) and/i(x)> except that we change the sign of each 
remainder before proceeding to the next division, and that 
fJx)/fJx), ... arc the remainders with their signs thus 
diangcd. \V<- c;ui write 

f{x) =^qx(x)f^{x) —Mx ), 

/,(.r) =qfx)f„{x) —/aC-v), 


v/ni-zC**) “ qm-l{^)fm-\{f) • 

Ex. 1. Find the sequence of Sturm’s functions for the 
polynomial 

/(.v)=-.v3-7.vd 7. 

Here the derived function of f(x) is 

f^{x) ^ 3.v^-7. 

♦This an<l the subsequent articles may be omlUccl at a 
first reading. 
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On division 

3x2~7).v*-7;c+7(J.v 

x^-ix 

-V-r-i-7 

Therefore /sGv) — Va —7. Again 

■ ,V'r-7)3x"—7 (,»*x4|1 
3x^~^x 
|x - 7 

-i 

so thaty^(jr) = Hcncc the required functions arc 

.v3_7^+7^ 3.v=-7, Vv-7> i- 

Note. We shall see in the next article that only the 
signs of Sturm’s functions are required (and not their values). 
Hcncc ^vc can always multiply the functions by a positive 
number if convenient. For example, it would be convenient 
to multiply and by | and 4 respectively in the above 
example, and write Sturm’s functions as 

x^-7x-y7, 3.V2-7, 2x-3, 1. 

Ex. 2. Find Sturm’s functions when 

f{x) =a«-5.v3-:-9a-*-7x4-2- 

Here the derived function of f(x) is 

/, (x) =Ax^ - 13x2 18x - 7. 

To avoid fractions we multiply/(x) by 16 and then divide 
it by fi{x). Tims we have 

4x2-15.v2^-18.v- 7) 16x*-G0A-2-f 144x*-n2x4-32(4.v-5 

\ex*~60x^-\- 72x2- 28 x 

__20x»4-.72x2—84x4-32 
-20.t» 4-_75 x* - 90x4-35 
.■- 3x2+ 6 a_ 3 

Changing the sign and dividing by 3 wc may take 

/a(x} -x2~2x + l. 
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Proceeding further, we have 

^2 _ 9;^ 1) _ 1 5.v2-p 1 8.V — 7 (4x — 7 

4x^-8x^Jr^x 

— 7.t^-hl4.v —7 

— 7Ar2-hl4A—7 

X 

Thusyj(x) is the last remainder, as it dividescom¬ 
pletely. [In fact it is the G.C.M. of/(.r) and/ j(a:).] Hence 
the required functions are 

—5x®+9x‘^—7x4-2, 4x® —15.t*4- 18x—7, x*—2x-f 1. 

Sturm’s Theorem. If /(x) is a polymudal and 
a, b are any real numbers {a<b), the nurnbir of distinct real roots 
off{x) =0 lying between a and b is equal to the excess of the number 
of changes of sign in the sequence of Sturm's functions 

fif) > fl ('^) > -AC"*) > • ■ • > fm (*) 

when a is substituted for x, over the number of changes of sign in the 
sequence witen b is substituted for x. 

The proof of this theorem will be given later. Wc shall 
take up its application first. The theorem holds for repeated 
roots also, provided wc count each repeated root only once. 

Ex. 1. Find the number and location of the real roots of 
the equation 

a3_7.v + 7=0. [Delhi(Hons,), *58] 

Here the Sturm’s functions are (Ex. 1, p. 203), 
x3—7x + 7, 3x*-7, 2a— 3, 1. 

The signs of this sequence for the various values of x arc 
given below. 

x =—CO :-1-h 

-v=0 : -j-H 

X —+CO : 4- + + + 

There are three changes of sign when x = —co, two changes 
of sign when x=0, and no change of sign when x =+co. 
Hence all the three roots are real ; one negative, and two 
positive. 

14 TBA 
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1 


- + - + 
+ + ” + 


We have, further, 

x = —4 

X—2 

x=2 : + + . 

Since one change of sign is lost from * = J “2, the 

ssssiSf : “t: 

Ex. 2. Find the nature of the roots of the equation 

a64-2A* r.r’-'=-2.v-l =0. 

Here /,= 5 .v*-f 8.v“h3.r“-2.r-2; 

and it can be easily found by division that 

/.=2.vs+7x= rl2.x + 7, 

/, = -a*-6x-5, 

Since/, complexly divides/ a, x + 1 iii the G.C.M. of 
/and/i- Therefore -1 is a double root. 

The signs of Sturm’s functions are 

x = -co : h-+ 

x=-0 :-d- 

The numbers of 

^*^H*^*^ roositivr ^Hence the equation has a double negaUve 
ml a real posithe root and isvo imaginary roots. 


Ex.\Nn»LES 

Find the number and location of the real roots of die 
equation 

1 . xi-2x-o^0. 

2, 2.\®—3;t:2—6x—2=0. 
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3. 3x*—6x2—ar—3=^0. 

4. 2x3—7x2+10x4-10 ==0. 

Find the nature of the roots of the equation 

5. x<—5x3+9x2—7x+2 =0. 

6. x«—3x2—6x + 3=0. 

7. 3x6 + 5a-3+2=0. 

11*92. proof of Sturm’s Theorem. We shall first 
prove the theorem of § 11-91 for the case when /(x) =0 has no 
multiple roots. In this case f{x) and /i(x) have no common 
factor. So the last remainder /m, being their G.C.M., is a 
constant. Furthermore, by the law of formation of successive 
remainders,/ni is the G.C.M. of any two consecutive remainders 
fj and /r+i- So fy and /r+i can have no common factor. 
Hence two consecutive remainders will not vanish for tlie 
same value of x. 

Suppose that x increases gradually from a to b, and 
consider the signs of the sequence of functions 

f(x),fx{x),f^ix), (1) 

The signs in the sequence alter only when x passes through 
a value a for which one C®** more) of the functions in (1) 
vanish. When x passes through such a value the sign of that 
function alters from + to —, or from — to +. Three cases 
arise : 

(^i) One of the functions /t(x), other than /(x), vanishes 
at x—a. 

(ii) /(x) vanishes at x=a. 

(iii) Two (or more) of the functions vanish at x=a. 

Consider the first case where fr=0 for x=a. Since 
/r+i=?r/T-/r-i> ^^^vc at x=a 

i.c., fi-\ bave opposite signs. Suppose they have 

the signs + and — respectively. Then, being continuous 
functions, and ''^i^ have these very signs for values 
of X slightly less or greater than a. 



■20g PRCPERTrES OF EQUATIONS & ROOTS 

On the other hand,/r have different signs on tire 
uvo sides of a. Let/, be +ve for x<a and -vcfoTX^a. 
Then the sequence/,./,+! ^vlJl alter its signs from 

-1- d- to- r 

^vhen A-. tvhile increasing, passes through the value a. In 
the seciuence there is just one change of sig^ I» 

the sequence - also there is one change of sign. Thus 
the number of charges of sign does not alter when * passes 

through a. 

We have taken above/,^i and/, to be positive for *<“• 
We could take either, or both, of them negauve. The student 
can verify that in every case we shall get just one change of 
sign in the sequence/,_i,/„/r+i either before the passage 

ihrough x=a, or after it. r • • rn 

Hence the total number of changes of sign in (1) does 

not rlier when .r passes through any value ofx forwhich one 

nf the functions/i,/*, ...,/m vanishes. 


Now consider the case when x passes through a value 
^ lor which /(.v) =0. Tlicn /{x) will have different signs c>n 
the two sides of a. Suppose/(.t) is -hve fora value of .t slighUy 
le‘ s than a, and - ve for a value slightly greater than a. In this 
cuse f(x) is decreasing as.v increases, and/i(.t) being its differen- 
ti. 1 c(-efhcicnt is negative. Thus/(.v),/i(x) have the signs 

d— and- 

li it before and alter ;c passes through the value a. We sec 
that one charge of sign is lost in passing through a, a root 

cf/»-0. 

If instead of being positive, /f at) is —ve for x<a, then it 
is -t-ve lor.r>a; and itsderivauve/i(.v) is+ve. The sequence 
I t’' fr(x) has then the signs —|- and -f + for.t<a and.T>a 
'ie>i.ccti\tly. One change of sign is lost in this case also. 

Hence the number of changes of sign in (1) decreases by 
cji.e each time x passes ihioogha rootof/fx) =0. This pro\es 
i!ic thecrein for the case when there are no multiple roots. 

When two of the functions, say/, and/, vanish simultan¬ 
eously for .V— a, then, as proved earlier, these will not be 
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consecutive functions. Therefore, we can apply the previous 
arguments separately to and and the theorem holds for 
this case also. • 


11*93. Sturm’s Theorem. Multiple Roots. Suppose 
f(^x) =0, has repeated roots, and let 

Then /,(x) ^p{x-a)^^{x-^)<i{x-y)r.,. 

The G.C.M. of/(A') and/,(A) is 

{x-a)P-Hx-fi')^-K^-yy--^.^., . Cl) 

and this facu.r is common to all the hmetions /«. “‘i/m’ 


DivideI’V common factor and let the- 
quotients Ijc ^m- Tlien 


(i) tp=r-{x — a){x-ftyx—■/)... , 

(ii) <f>j^-p(x~-^)(x-y)...-^q(x^a)(x—y)...->r..-, (2) 

(iii) tf> 2 , .■■,<!>,n obey laws offormation similar to tliose 

Idr ...jJ'nir 

^r-i~9r9>T ^T+i* ‘ 

(iv) is a constant, and any two consecutive functions 

<ir> ^T +1 have a common factor. 


Tims, the properties ot the lunctions 

*f*> • • ( 4 ) 

are the sam<- as those of/./i,/*, ..-,/m 

repeated roots, with one difference that is not the derivative 
of As far as the number ofehanges of sign in the sequence 
^a, • ••, 4>m concerned, it makes no difference at all, 
because ibc prooffor this part is based on the law offormation 
(3) which is similar in both tlic cases. 


Also the derivative of p, is 

{x—^){x--y)...-\-{x—a){x—yj...-\-... . 

At x=a, a root of ^=0, wc see from (2) and (5) that 
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Thus and have the same sign at a root of ^=0 (and also 
in its neighbourhood). Therefore the proof for the second part 
holds here also, and one change of sign in the sequence (4) is 
lost when x passes through a. 

Furthermore, the number of changes of sign in (4) is 
the same as that in the sequence 

fy S\y •••1 fmi • * * (®) 

because we can get the sequence (6) by multiplying each 
member of (4) by the sarne factor (1). 

Hence the number of changes of sign in (6) lost when x 
changes from a to b, is equal to the number of roots lying 
between a and A, each repealed root being counted only once. 

Examples on Chapter XI 

Find (]\e nature of the roots of the equation 

1. 3x*-{^V2x^'.ox-4=0. [Banaras, 1953] 

2. x*-\-\5x^-\-7x-\\=0. [Allahabad, 1957] 

3. Use Descartes’ rule of signs to show that the equation 

Aio_4^6.|.;,.4_2Ar-3=0 

iirtS at least four unreal roots. [Nagpur, 1950] 

4. Solve the equation 

X* \ f 5.t= b2A:-2=^0 

oJ wliich one root is —I -^'■( — 1). [Bauaras, 1949] 

5. Solve the equation .r® —3jr*—6 a: 4 8=0, given that 
the roots are in arithmetical progression. [Kashmir, 1934] 

6. Solve the equation 

A^~ 13a-- ; loA-4-189=0, 

given that one root exceeds another by 2. [U.P.C.S., 1946] 

7. Solve A* —2 a®~21a*“ 22.v+40=0, given that the 
roots are in arithmetical progression. 

8. Solve-V* —2.r®—3 a24-4a —1 — 0,given that the product 
of two of its roots is unity. 

9. Solve the equation a®4-a*4-2a 4-8 =0, given that its 

loots arc in geometric.al progression. [Mysore, 1953] 
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10. Solve the equation 

-22x^ + 48x - 32 =0, 

the roots of which are in harmoniC.pi egression. [j\agpur, 1954] 

11. Solve the equation 

j(6 _ 3;t 4 _ 5 .v 3+27.V*—32 jc +12 

given that there arc multiple roots. {Mysore^ 1949] 

12 If the equation x*'\-ax^-\-bx^-\-cx-r<^=^ 1-*'^ thiee 
equal roots, show that each of them is equal to 

{6c—ab)}(3a^—Qb), [Sagat, 1949] 

13. If the sum of two of the roots of the equation 

A-<-h (7Jf *-r 6 j:*- f C.V 4-rf—0 

equals the sum of the other two, prove that 

4a6=a®+8c. [Bombay, 1955] 

14. Find the condition that the roots of the cubic 

ax^-^3bx^-}-3cx-\-d=0 

are in arithmetical progression. [Gorakhpur. 1959] 


15. If the roots of the equation 

.V* —rx® + qx —^ =0 

be in harmonic progression, show that the mean root >s 

[Allahabaa, 19joJ 

16. If a, y be the roots of the equation 

x®4-/»a"+<7x 4-r —0, 

6nd the value of [Kashmir, 1954] 

17. Tfa,/3,y are the roots of 

value of Za*i3 and iTa®. ^ [Poona, 1960] 

18 Find the sum of the sixth powers of the roots of the 

equation .x’-x-l -0. [^^^gp^r, 1950] 

19 If a. 8, V are the roots of 3x+9=0, prove that 

[Karnatak, 1959] 

20 Show that the sum of the fourth priwers of the roots 

of =0 is 2p*. [Madias, 1954] 
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TRANSFORMATION OF EQUATIONS 

12*1. Transformation of Equations. With¬ 
out know ing the roots of an equation, we can often 
transform it into another equation whose roots are 
related to the roots of the first equation in some way. 
Such a transformation sometimes helps us in the 
discussion of the mots of the original equation. 
We give in the follow ing articles some of the more 
important transformations. 

12*11. Roots with signs changed. Let 

a, y, ... be die roots <»f the equation 

v" + ••• +A =0- 

Then we lia\e 

A-" +/>.*"- +... +/,, =(.v-a) (X~p) (.r-y).... 

Changing x into — x, and di\'iding bv (— 1)”, Ave get 

•t"-AX’*-!. u. (_ I 

^f.Y ra)(A- 

showing that liie equation who.se roots are —a, 

Is 

. -f- ( _ 1 =0. 

Hence, to transform an equation into another 
whose roots arc numerically equal to the roots of 
the given equation but ha\e the opposite sign, 
change the sign of every alternate term of the given equa- 
tioH beginning uyith the second. 
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ROOTS MULTIPLIED BV GIVEN NUMBER 

Noi-e. If any power of is missing, care must be taken 
to suppose that it is present, but has a zero coefficient. 

Ex. Obtain the equation whose roots arc the roots of 

;^^_3x3-l6x2 —8=0 

with their signs changed. 

Here the coefficients are 1, 0, —3, 6, 0, —8. Hence 
changing the sign of every alternate term, the required equa¬ 
tion is 

12*12. Roots multiplied by a given number. 

To obtain an equation whose roots are a fixed ?nultiple oj 
the roots of a given equation. 

Let the given equation 

have the roots a, . . Tlicn u c have to find 

the equation whose roots are ka, kp, ky, say. 

Now the required equation is 

(;c— ka){x — kP)[x ky) ••• =0) 

or, dividing by A”, 

This can be obtained from (x—a)(A:—=0 
by writing x[k for x. 

Hence the required equation can be obtained 
from also by writing xjk for x. 

It must, therefore, be 

(3 +-^33 

Multiplying out by k", we see that tire required 
equation is 

X" 4-/1,A-.r"-* 4-... --0. 
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i.e., to obtain the new equation, multiply the successive 
■coefficients of the given equation by 

k^, 

12*13. Reciprocal Roots. To obtain an equa¬ 
tion whose roots are reciprocals of the roots of a given 
equation. 

Let the i^iven equation be 

AT" -f+... Jrpn~, ^ +A =0, (1) 

and let a, /?, y, ... be its roots. Then the required 
equation is 

or, on muitiplyir^ b . 


1 

* « ' • « 




This can be obtained from (.v—a)(r—j5)...=0 
by \\Titin^ I '.v f )r .v. 

Hence the required equation can also be ob¬ 
tained from (1) by u riting 1 'x for x. It is, therefore, 

('r ^-a0""+...-a,-,(;)+a=o, 

or, on multiplying out bv .v", 

Pn V" +A ,-1 V"-' +... +1=0. 
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TO DIMINISH THE ROOTS 

12-14. To diminish the roots by a given 
Tiumber. To obtain an equation whose roots are equal to 
the roots of a given equation diminished by a fixed number. 

Let a 8, be the roots of the given equation 
=0. ’ If we write r -^h for x in /(r) =0, i.e., in 

(x — a) (x—^)- ■ • =0, 
we get (x+A—a)(x'+%— 

the roots of which are a—h, P—h, .... therefore 
to diminish the roots by h we have only to write 

x-trh for X in the given equation. 

For quick numerical computation, we notice that it the 

new equation be 

the original equation must have been 

because writing for x in (2) gives (1). 

If we divide the left-hand side of (2) by x-h, tbe 
remainder will be evidently /!„, and can thus be deter¬ 
mined. 

The quotient will be Ay{x-~h)^-^+ ... + 

which on division by x-h will leave a rcmamdei 

and “thus gets determined. 

Thus the coefficients A^, transfomud 

equation can all be determined by repeatedly dividing the given equa¬ 
tion by X — k. 

At first sicht it appears that this method would be 
tedious but if only the coefficients are written, and the woik 
L properly arranged as in § 11-2. it is quicker than writing 
x^h m tL original equation, expanding each term, and 

rearranging. 

This method is extensively employed in solving numer¬ 
ical equations, as the student will see later. 
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Note. To increase the roots of a given equation by h \ec 
have simply to diminish the roots by — h. 


Ex, Find the equation 

Yvhose roots 

are equal to the 

roots of 





Y^ —3.Y 



each diminished by 3. 



[Allahabad, 1956] 

Dividing repeatedly by .y 

—3 and writing only the coeffi- 

cients, we have 




1 1 

— 3 

— 1 

2 

3 

12 

27 

78 

4 

9 

26 

80 

3 

21 

90 


7' 

30 

116 


3 

30 



10 

60 




3 

13 

Hence the transibrnicd equation is 

+ 116;r+80c=0. 

Explanation. The coefficients of the given polynomial 
arc written in the first line. Division by a: —3 gives 80 as the 
remainder and A:®H-4A”-f9Ar-t-26 as the quotient. Division 
by X —3 again gives 116 as the remainder and x* + 7x + 30 as 
the quotient, and so on. The successive remainders 80, 116, 
... are the coefficients in the transformed equation beginning 
from the last one. 

It is not necessary to make the coefficient of at" unity 
before applying this method. 

12*15. Removal of terms. 'To remove the 
second term of an equation. If w e climinisli b)' h the 
roots of the equation 

-r ... ^= 0 , 

tile transformed equation is 

i.e., OoV” -f (tfj *4- ... =0. 
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Now if we choose h to be such ihat 


a 


nhan — 0 , 


the coefficient of will \ Dnish. Hence the second 
term of the given equation am be removed by diminishing 
its roots by —afruiQ. 

Similarly any other term can be rtmoved, but then h 
will have to be found from an equation of a higher degree. 

For example, to remove the third term, ^must be such 

that 

Ex. 1. Remove the second teim from the equation 

.x3^-6.x2-7x —4=0. 


The roots have to be diminished by —oJoaQ, i.e., by 
— 6/3, or —2. Hence the coefficients in the transformed 
equation can be obtained by dividing .\*4-6x®—7x—4 re¬ 
peatedly by x-\-2. The coefficients are as follows 



Wc see that the transformed equation is 

—19.x-(-26=0. 

Ex. 2. Remove the second term from the cubic equation 

-r -h 3f.x + (/=0. 

Putting x=y-\-/it the equation becomes 

aiy-\-h)^y3b{yyhy--^3c{y^\-h)yd^0, 

^. r rty - 3 (tf A6)y + 3 (a/t’*+2 W-h c)>-H (a/t®-h 3 Wi“ + 3cA1/) =0. 

If we put /i = —A/a, the second term vanishes, and the 
transformed equation becomes 

ay^-\-3{c-h^-la y-i {d-Zlc’a \-2f?;d^) =0. 



218 


TRANSF0RM:\TI0N of fiQUATIONS 


12*16. Transformation in general. Let 

f(^xy=0 be a given equation; and let it be required 
to obtain a new equation, in y say, whose roots 
are connected with the roots of the given equation 
bv a relation of the form y) =0. The frans- 
fbrmed equation can be obtained by eliminating x 
between f{x) =0 and <l>{x,y) =0, for this will give the 
equation satisfied by_r. 

Ex. 1. Find the equation whose roots are the squares of 
the roots of 

-f 1 =0. (i ) 

If a: is a root of the above equation and y a root of the 
required equation, then 

i.e., x=^y. 

Substituting in (1), we get 

y^ -ryVy -r^y^Vy+ * 

or (y h2^-hl)2 = {(^ + l)V>F, 

or v*-t-3)’^4-4y- + 3_v + l =0. 

This is the required equation. 

Ex. 2. If o, y be the roots of the equation 

jc® -\-px^ + r =0, 

find tlte equation whose roots arc 

y®+yad-a®, 

Let_y be a root of the required equation, then 

+ + -a® + a^y/a 

= { (a + ^ + y) ® — 2Z'a/3} — a®-ha^/a 


= (/)®—2^)—a®—r/a, 

or oy={p^ —2^)a—a® — r. • • - CU 

But a is a root of the given equation; therefore 

0 ■=a®'-l-/>a® 4-^0.+r. . • • {.—) 

The required equation will be obtained by eliminating 
a betw'een (1) and (2). 
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From (1) and (2), by addition, 

ay = {p'^--q)a-\-pa~. ... (3) 

As (3) gives a=( 7 +fl— 

Substituting this value of a in (2), we get 

(.y+9-/'^)® , U^q-P^)'' ■ i_ —o 

P^'^P P ^ 

or, on simplification, 

y + (3g-2/)*)y + (3^2-3^/)=+/>*\r + (93-?*/>2 + r/»3)=(). 
This is the required equation. 


12*2. Equation of Squared Differences of a Cubic. 

To find the equation whose roots are the squares of the differences 
of the roots of a given cubic equation. 

Let the given cubic be 

x® + 9x+r=0, ... (1) 

and let a, /3, y be its roots. It is required to find the equation 
whose rootsarc (^-y)S (y-a)®- Writing^ for any 

one of these roots, we sec that 

y = —y)2 =a® +y*—a* —2a^y/a. 

But o*-h^* + y®=i—2«7(§ n-52. Ex. 1) and a/3y = —r. 

Hence the relation between the roots is 

y=^-2q-x^+2rfx, 

or x® + C>+2^)x—2r=0. . . . (2) 

Subtracting (1) from (2), wc get 

Substituting this value ofxin (1), and simplifying, we get 
y+67y+9?=>+V+27r*=0 ... (3) 

as the required equation. 

We would have evidently got the same equation for_y if 
we had initially assumed y to be equal to (a—)3;=* or (y —a)-. 

If wc have to find the equation of squared differences for 
a cubic in which the second term is not zero, wc must first 
remove its second term as in Ex. 2, § 12*13. 
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12’3. Reciprocal Equations. An equation which is 
unaltered by changing x into 1/x is called a reciprocal equation. 

Let an equation in x be 

x” -r •" +A(i =0* ) 

To find the relations which must subsist between the 
coefficients in order that this may be a reciprocal equation, 
c hange x to 1/x. Then the equation becomes 

=0. (2) 

If this be same as (1), we must have 


^n-i_ h /'n-a_* J__ h 

- —Pn‘ 

Pn Pn Pn 

The last equation of (3) gives = Pn 

(3) gives 


=±1 


. (3) 

If 


Pn-i—Pii Pn-i—Pt* » 


while if/>n= —^ 

Pt\^l — '~Pl»Pn’‘i— P*> • 

Thus in a reciprocal equation the coefficients of terms 
equidistant from the beginning and the end are cither 

ri) equal both in magnitude and sign, 
or (ii'i equal in magnitude but opposite in sign. 

It is clear from the definition that if o be a root of a 
reciprocal equation, 1/a must also be a root. Hence the roots 
of a reciprocal equation occur in pairs: a, 1/a; p, l/pi etc. 
\Mien the degree of the equation is odd there must be a root 
\shich is its own reciprocal 'i.e., I or —1). Substitution wil 
show that for aji odd degree equation of type (i), this root 
is _l; while for an odd degree equation of type (n), it is 1. 
Division by I or x —1, as the case may be, leaves a recipro¬ 
cal equatiejn of type fi) of an even degree. 

A reciprocal equation of type (ii), of an even degree 
2tn, may be written as 

.^■2m „ 1 1) 4.... =0. 

Evidently this is satisfied both by 1 and —1. Division by 

1 leaves in this case also an equation of type (i) of an 
t ven degree. 
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Thus all reciprocal equations can be reduced, by division 
by (x —11, (;v + l) or (x* —1), to equations of type (i) of even 
degree. The degree of such reciprocal equations can then be 
reduced to half by the substitution xd-l/x--^, as illustrated in 
the example below. 


Ex. Solve the equation 

.X®—9x2+5x —1 =0. l^Banaros^ 1960] 

This is a reciprocal equation of the second type. We 
see by substitution that.t=-l is a root. Dividing out by x—1, 
the given equation becomes 

;c4—4 x3+5x 2—4x+l =0, 


which is a reciprocal equation of the first type. Dividing 
by X*, we get 

;^.2_4x + 5-4(1/x) + 1/x2=0. (I) 

Put x-\-\lx=j; then x*+l/x*=j>*—2; and (1) becomes 

j).*—4^ 4-3=0. 


Therefore ^ = 1 or 3. ^ 

Solving the equations 

a-4-1/x = 1 and x4-1A‘«=3, 

we get 

Hence the roots of the given equation arc 

1> S + W5. |**4v5. 


ExAiiPLES ON Chapter XII 

1. . Find the equation whose roots are the roots of 

x’ + 3x®H-x=— x*+7*+2 =0 
with their signs changed. 

2. Find the equation whose roots arc three times the 
roots of 

X* 4-2x2—4x+I 

3. Find the equation whose roots are twice the reci¬ 
procals of the roots of 

x*^3x^—ex*+2x -4 ^0. 


15 TBA 
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4. Diminish by 3 the roots of the equation 

9.t=+28A:—27=0. 

5. Find the equation whose roots are the roots of 

^5 4-4x3—x2-|-ll=0, 

each diminished by 3. [^Allahabady 1960] 

6. Find the equation each of whose roots is greater by 

unity than a root of a-®—+ —3=0. iSagar^ 1948] 

Transform into an equation larking the second term : 

7. —6x2-1-4a—7=0. [Delhiy 1958] 

8. f8A^-f.v —5=0. [A*.7jAmiV, 1954] 

9. .y«4 4x=*4 2.v=—4.V—2=0. 

10. Transform the equation 

—4.y» — 18x2 -3x4-2 ==o 

into one from which the third term is missing. 

^Allahabad, 1960] 

11. Find the equation whose roots are the cubes of the 
roots of 

.v^ ; 3x2 4-2=0. 

If a,jS,y are the roots of x^ =0, form the equation 

whose roots are 

12. ^4-y, y4-a, a+iS. 13. a-p. 

14 . fty/ay yal^y apiy. 

15. 1/jS+l/yj l/y4"l/ci» [Z)r//ii, 1949] 

16. (^ + 7 ')/“®i + (“+^)/y"- 

17. ^y-rl/O) ya-l-l/^j a^4'l/y* 1950] 

If a,/8,y be the roots of the equation .v^4-A'*4-7''*4-r=0, 
find the equation whose roots are 

18 . a(^4-y), ^(y4-«), y(a4-^)- 

19. a/(^4-y), ^/(y4-«), y/(a+^). 

20. a -H I IPy» ^ -f 1 /ya, y -f 1 /a^. 


[Aligarh, 1952] 
[Alld., 1959] 
[/..4.5., 1960] 
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21. If a, p, y are the roots of 2A:® + 3jf®—x —1 =0> find 
the equation whose roots are 

1/(1-a), 1/(1-iS), 1/(1-y). lAUgarh, I960] 

22. If a, y be the roots of prove that 

the equation whose roots are : 

^ ,y y 4. “ ® . i? 

y"^^* a'*'y’ 

is r^{x-\-\y^\-g%x-^l)+g^=0. 

23. Solve the equation 

;t3 + 6.x24-12.Y-19=0, 

by removing its second term. ) 1954] 

24. Form the equation of the squared differences of the 
cubic 

,v3_7x-|-6—0. \AllaJiabad, 1960] 

25. Form the equation of the squared differences of 

.rH-b.<®-^7x-h2=0. 

Solve the equations : 

26. 2.x'» — 5.x3 + 4x*—S at+2 =0. 

27. A-^-lOx^H-SOAra —lOx + l =^0. [jVfl^pKr, i953] 

28. 2x5—7Ar<—A-»—AT®—7 a:+2=0. 1956] 

29. 2x5 _ 15.Y<+37x»—37x® +15x—2 =0. 

30. 6x®—25x5-i-31x*—31x5 4-25 x—6=0. [Mysore^ 1951] 

31. Show that the equation 

;c«—3x»+4x®—2x-f 1=0 

can be transformed into a reciprocal equation by diminishing 
the roots by unity. Hence solve the equation. [AUd.^ 1959] 

32. Transform the equation 

x*-i-3x*+jtx®+ 12xH-16 =0 

into a reciprocal equation and solve it when /:=4. 

II.A.S,, 1957] 
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CUBIC AND BIQUADRATIC EQUATIONS 

13-1. Algebraic Solutions. The various 
methods devised for solving cubic and biquadratic 
equations algebraically are based on one of the 
following artifices : 

(i) Assuming for the root a general form involv¬ 
ing radicals; 

(ii) Resolving the expression into factors; 

(iii) Obtaining the values of linear functions of 
the roots. 

Some of these methods are given below. 

It may be mentioned that these methods are 
generally unsuited for numerical computation. 
Numerical equations are best solved by the methods 
of the next chapter. 

13*2. Solution of the Cubic. Let the cubic 
equation be 

ax^-\-3bx^ ~\-'icx-\-d=0. . . (1) 

Removing the second term by putting x — 
y — bja, this becomes (Ex. 2, § 12*15) 

ay^ --r'^{c-~b^la)y -\~{d—3bc[a -r2b^[a^) =0. 

Multiplying the roots of this equation by a to 
avoid fractions and writing .r for aVy it transforms 
into 

z- t 3HZ'}^G=0, ... ( 2 ) 

where, 
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To solve this assume that the roots are of tlie 
form \/p + where p and q are to be detennincd. 

Putting ^=^p-{-^q ... (3) 

and cubing, we get 

i.e., ^^—3{l/p^g)z—(p+q) =0. (4) 

Comparing the coefficients in (2) and (4), we 
get 

VpV 9=-^> P-^q=~~G, . . (5) 

i.e., p-'rq^—G, pq = -~lP. 

These equations determine/; and q; and so the 
roots (3) get determined. 

We see that p and q are the roots of the quadratic 
Solving it, wc get 

and <7=i[-G-V(G^+4^)]. I * * ^ 

Substitution of these values in (3) gives a root of 
equation (2), and, therefore, of (1). 

We notice that ^p has three values, viz. rriy wm 
and where m is a cube root of p and o> is 

one of the imaginary cube roots of unity. But wc 
cannot take the three values of \/q independently, 
for by (5), V!7 “ ~-^/V P- Hence 

Z=VP-H[VP. ... (7) 

so that coiTCsponding to each value of ^p we get 
only one value of z- 
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Since 
of (1) are 

1 

a 


and 

where 


Z^ax 4- b, i.e., x=(zl^) — b, so the roots 

— (w^m —— by ( 8 ) 

a\ m] 

= Vt« - G ^ +4//") }]• 


This solution of the cubic is generally known as 
Cardan’s solution*. 


13*3. Nature of the Roots of a Cubic. Let 

a, ^y y be the roots of tlic cubic 

ax^-hSbx^-hScx-rd—O. ... ( 1 ) 

Then, the roots of the transformed equation 

^-i-3l/Z-hG=0, ... (2) 

where // and G have the same meanings as in the 
preceding article, are aa-^by afi-j-b, ay~hb. 

The equation whose roots are the squares of 
the differences of the roots of (2), is (§ 12*2) 

y +18^ +81i/“j -h27(G^-h4/P) =0, (3) 

Its roots are, therefore, 

♦Named after the Italian scholar Hicronimo Cardano 
(1501-1576). The solution was really discovered by Tartaglia 
(1499-1557), from whom Cardan obtained it after many 
solicitations and after giving the most solemn and sacred 
promises of secrecy. But Cardan broke his most solemn 
vows and published the solution in his.4rj MagnOy thus caus¬ 
ing much chagrin and disappointment to Tartaglia. It is 
possible that the solution of the cubic was discovered prior to 
Tartaglia by Scipionc del Ferro (1465-1526'), but no record 
exists of his work—Cajori: A History of Nlathematics. 
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The product of these roots is equal to the const¬ 
ant term in (3) with its sign changed, i.e., 

The nature of the roots a, p, y can be obtained 
by a consideration of tliis product. 

Since imaginary roots occur in pairs, therefoie 
equation (1) will have either aU real roots, or one 
real and two imaginary roots. The following 


cases can occur; 

(i) The roots a, y aie all real and different. 

In this case positive. 

Therefore, by (5), G2+4//=> is negative. 

(ii) One root, say a, is real and the otlier two 
imaginary. Let p and y be wdiiK. Then 

—a^{2inY{m —in — a) ^(wi +1« “ " 

=—4a°n^{ (»«—®) ^+ ^^}~> 

which is negative, whatever a, a, m, n may be. 
Therefore, by (5), 0^+4//® is positive m this case. 

(iii) Two of the roots, say P, y, e^td. Then 

a\p-yY{f-a)%a-P)^, and therefore is 

zero. 

(iv) a, p, y are aU equal. In tins ca^ ^ the 
three roots of equation (3) are zero. This w 
be so if //—G=0. 


Conversely, it is easy to see that 

I, When -{-4//^ is iiegalive, the roots of the cubic 

are all real; 

II. When G^+4H^ is positive^ the cubic has two 
imaginary roots ; 
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in. When the cubic has two equal 

roots and 

IV. When G=//=0, all the roots of the cubic are 
equal. 

The above criteria determine the nature of the 
roots. 

On substituting the values of G and Hy it can 
be seen that 

The expression in brackets is called the discriminant 
of the cubic (1), and is denoted by A. It is 
evident that the d’scrim’nant of equation (2) is 
(ja_!_ 4 ^ itself. The discriminant of an equation 
is an expression in terms of the coefficients which 
vanishes w'hen the equation has equal roots. 

13*31. Nature of the Roots from Cardan’s Solution. 

The above results can also be inferred from Cardan’s solution 
of the cubic. We have seen in § 13-2 that a cubic can be 
transformed into the equation C®-i-3//^+C7=0, whose roots 
are the three values of 

+ ••-(!) 

where 

/- = i[-G4-v/(G=-l-4//3)], 5 = i[_C-V(G2+4//3)], (2) 

and only such values of the cube roots oi p and q are taken 
which satisfy 

WPWg=-H. ... (3) 

When G^+4//3=0, we see from (2) that p = q = — \G. 
Ifm denotes the real cube root of/>, the roots (1) in this case 
become 

he., 2m, —m, ~vu 

Thus two roots are equal when J =0. 
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When is positive, we see from (2) thatpand ^arc 

real and unequal. If m and n denote respectively the real 
cube roots of/ and g, the values of (1) are 

vi-rTiy cum-^-oi^ny 

So out of the thr ee roots of the cubic, one is real while the 
other two are imaginary. 

When + is negative, p is of the form ^nd q is 
of the form u—iv. Put 

cos 6y t»=rsin B\ 

then, by De Moivre’s theorem, 

^/ = {/'cos d+irsin 

-VMcosi(0-l-2A7r)-fisini(0+2*7r)}, (4) 

and V9=V»'{cos§(^H-2/t7T)-isin^(0-;-2A77)}, (5) 

^vhere /:s=0, 1, or 2. 

Adding (4) and (5) we get the solution. 

The same value of k should be taken in both (4) and 
(5), as by (3), ^-y/p^^/q has to be a real quantity. 

Thus the three roots arc 

V''-2cosi(04-2/;7r), A=-0, 1,2. 

Hence all the roots are real when G--r4//* is negative. 

13*32* Application of Cardan’s method to numeri¬ 
cal examples. The method of Cardan can be employed to 
solve numerical examples as illustrated in the examples 
below. The first two examples have been specially framed 
to give convenient solutions. The evaluation of p and ^y/p 
both involve extraction of roots, and in general tables will 
be necessary for their evaluation. The third example 
illustrates this point. In such cases it is more convenient to 
find the real roots by the methods of the next chapter. 

Ex. 1. Solve the equation 

1 = 0 . 

If we assume x=^y/p-\-^‘\/qyth^n 

V/»V9 = 1» /+? = -!. 

Therefore /—9=V'{(A \/(l 



230 


CUBIC AMD BIQUADRATIC EQUATION'S 


SO that /»=(-H-tV3)/2^cosl20®+tsml20°. 

Hcncc V^=cos^(I20+360A)‘’+£sin^(120+360A)% 
andsimUarly 3V?==cos^(120+360A)‘’—ismi(120+360Jfc)°. 
Hence the roots are 

2 cos40“, 2 cos 160°, 2 cos 280°, 
i.c., 1-532, —1-879, 0-347. 

Ex. 2. Solve by Cardan’s method tlie cubic 

35;«3 —18jc2+1=0. 

Since the third term is missing from this equation, it 
may be transformed into an equation lacking the second 
term very conveniently by putting x=\ly. The equation in 
y is 

y_18^4-35=0. ... ( 1 ) 

Assume a solution . . . (2) 

Then p-\-q^ — 35, ^?“216. ... (3) 

We see that p and q are the roots of the equation 
/2+35f-h216=0, or (t+8)(t4-27) =0. 

Therefore p^ — Q and 7 = —27. 

Hcncc = —2m, or —2m-; 

and, by (3), the corresponding values oi^y/q arc 

®\/ 7 = 6 /®v'^ = —3, —3m®, —3m, respectively. 
So the roots of (I) arc 

— 5, —2m—3m® and —2m® —3m. 

The roots of the given equation arc the reciprocals of these. 

Now _2w-3w= = -2(ldW)_3(:zL^3^ 

_5+*V3 

— o • 

T, ■ 1 2 2r5-:V3) , 

Its reciprocals 3 - =^\(5-.V3). 

l/(—2m®—3m) can be found similarly. Hence the required 
roots arc 

-|,'A(5~»V3),i\(5+iV3). 
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Ex. 3. Solve by Cardan's method the equation 

;s3_-6.v—13=0. 

Assume a solution ..•(!) 

Then /»+? = 13 , ... (2) 

We see that p and q arc the roots of —13/-t-8=0. 

Therefore A=K13+V137), ^=i(l3-V137). 

Substituting in (1), and taking only such combinations 
which make real as required by (2 ), mc see that 

roots of the given equation are 

and w 2 V(y + iV137)+^V(,¥-V137'’- 

[We can find from Mathematical tables tliat 

VI37 =11-7047. 

Therefore /j = y-i-iVC137) =6-5+5-8524 = 12-352‘l, 
and y = 

From the tables V/'=2-3117 and V?=0-8586. 

Hence the real root= 2 * 31 17-i-0-8586=3'1703. 

The other roots will need/some further calculation.] 


13*4. Expressing the Cubic as a Difference of two 
Cubes. We shall now give a second method for solving tiie 

cubic. 

ax^~{-3bx^ + Zcx-\-d=^0. 

Let this be reduced by the substitution to the form 

Z^-\-3HZ-'rG=-0. 

Assume that 


Z^+3HZ+G= «) ^-n{Z-\-m) a} 

=Z^—^mnZ—nin{m-\-n)y 
where n arc quantities to be determined. 


(i) 
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Comparing coefficients, we get 

mrz = —mn^m-fn) = —G; 
therefore w+n =G//f, m -n JH, 

^vhich give m and w. 

Now since k^-l^=(Jc~r){wk-oi^t){o>'^k-wl)ySO by (1), 
the cubic (77i-n)C^4-3^4:+G)=0 can be factorised as 

X{cu*®'v/m(^+n) — 

Each of the factors equated to zero will give one root of the 
cubic. 


13*5. Solution by Symmetric Functions of Roots. 

Let a, y be the roots of the cubic 

a-v34-3ft.t*+3cx+rf=0, ... (1) 

and consider the expression 

-bA:(a-}-ii>j3+a>®y) H-A®(a-ha>“^+cuy)}. 

When /.' = !, its value is a; when k—oj, its value is y; and 
when its value is fi. 

We know that 

tt + iS-l-y — — 3b/a. 

It remains to find the values of 

Af=ad-aj^+a>®y and J^'’=a'ftu®y3-f-a>y. 

Now we may easily show that (cf. ex. 11, p. 199, and 
cx. 16, p. 211) 

iVf3-i-A^=22:a8-3i;a=^-|- 12a^y 

=^2{—27b^la^-\-27bcla^-3dla) —3(3dfa-9bcfa^) ~l2d/a 
=--27(2i*-3a6c+flV)/a8 = -27G/a3, 
and iV/JV =I^a“ —Z’a^ = (962/a3— Gcjd) — 3c!a 
=^9ib-^-ac)la^‘ = — 9H/a^. 

Therefore and are the roots of the quadratic 

3® 3* 

<2+ 3 

fl'* a® 
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Hence, M and jV arc 

a\ 2 J ■ 

The three roots of the cubic (1) are then 

-b/a + ^wM-^w^N), ~b/a-hh(MI-\ 10^), 

13-6. Solution of the Biquadratic. Let tlie 

biquadratic equation be 

ax^-\-^bx^-\-^cx^-\-^dx~\-e—0. . . (I) 

Assume that the left-hand side multiplied by a 
(to majee the coefficients of equal in the two 
expressions) is identically equal to 

(t2;c2+26x+t:+2fl0)2-(2Afx+JV)2 (2) 

Comparing coefficients, we obtain the following 
equations to determine M, N and 9: 

AP=:b^ — ac-\-a^d, MN —bc~ad-^2abdj j 

J^={c-^2ad)^-ae. \ 

Eliminating M and jV* between these equations, 
we have 

4a^9^—{ae—^bd-\-3c^)a6 -[-Ibcd—ad'^ 

—€b^-~c^=0. ( 4 ) 

We should, therefore, determine first a value of 
6 from (4), which is known as the reducing cubic; next 
we should determine the corresponding values of M 
and N from the equations (3); then (2) would 
enable us to factorise the left hand side of (1), and 
thus we shall get the following two quadratic equa¬ 
tions to solve. 

ax- 4-2{b-M)x^c4-2ae-N ... 

(2X2 _|_2(6 -i-Af)x+r+2a0-f f ^ 

The roots of these will be the required roots of (1). 
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This method of solving the biquadratic is gen¬ 
erally known as Ferrari*s method.* 

The reducing cubic gives three values of B, These do 
not, however, lead to three different sets of roots for the 
biquadratic. They only give three different methods of 
factorising the left-hand side of the biquadratic. 

As a cubic is not always easy to solve, Ferrari’s method 
is not, in general, a practicable method of solving num¬ 
erical equations. 

Ex. Solve the equation 

;t4_4.v3 _24 .v+15 =0. 

Assume that this may be written as 

(;c2_2A:+*) = -(2AfA:-hAr)2=0. O) 

Comparing the coefficients, we get 

2/:_!-4-4M- = -4, or ^-l-4=2Af-, 

/;2 -A"- = 15, or /. 2 -15 
- -1/: —1 -24, or 6 ~k=M\. 

Eliminating A/ and .V, wc have 

:-4)(/;—15}-2(6-A-)% 

A root of this equation is A‘=4. This value gives 
.Vf=2 .and ,V 1. Therefore (1) becomes 



-2.v4-4)2-(4.Y-l'r-0, 


♦Ludovico Ferrari (1522-1560), a man of humble birth, 
was taken into Cardan’s household as a seiA'ant at the age of 
fifteen. He slioYved such unusual ability that the latter 
made him his secretary. After three years of service Ferrari 
left and took up the work of teaching and later became the 
professor of mathematics at Bologna. A problem involving 
the solution of a biquadratic was proposed by a teacher at 
Brescia to Cardan, who being unable to solve it, gave it to 
Terrari. The latter succeeded in finding a solution and 
ihis Nvas published, with due credit, by Cardan in his Ars 
MosntJ.Smhh: A Source Booh in Mathematics. 
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i.e., (;»:2_6.v+3)Cx2J-2.r + 5)=0. 

Hence the required roots arc 

13*61. Roots of Biquadratic in terms of M. To 

express the roots of a bi(]un(iTatic equation in terms of the roots of its 
reducing cubic. 

Let a, p, y, S be the roots of the biquadratic 

4i,v® + 6c.X“r4^/-v+e=0. ... (1) 

Then the left-hand side of (1) maybe factorised into quad¬ 
ratic factors in any one of the following three ways: 

(a-l-p)x4-aP}{.v- —(y4-S).Yd-yS}, > 

^2{a- — (ad-y)A'-i-ay}{Y* — > (2) 

fl{.v2-(a-l-8)Y-i-aS}{Y=-(P-{-y).r+py}. ) 

Let 0r be any one of the three roots of the reducing 
cubic, and let the corresponding values of A/, A'" be .1/,, 
Then by the previous article 

M^^^b^--ac-\-a^dj,M,jrr^-bc-ad^2abB^,Xr^^(c^-2ae;)^~ae. 

As in the previous article tlic quadratic factors of the 
left-hand side of (1) arc 

{\!a){ax^-\-2lb-Afr)x-^c-\2ae,-.\\){nx--\-2(b-^Mr)x-\-c-^r 

2a6yrJ\'r} 

where r = l, 2, or 3. 

These three sets of factors must be the same as those 
in (2). Hence comparing the cocflicicnts of a*, xve get 

a-hP = -2(6-Af,)/fl. y-l-S = ~2C8-i-Afi)/a; 

a-l-S = -2(6-A/3)/a. {3^-y=^-2(b-\-M3)/a. 

From these we have 


and since 
\sfc can write 


M^ — la(a-r^—y—b), ' 

>^2= i<2(a-i-y— 

Af3=ia(a+S—p—y); 
—6 = ia(ad-p+y + 8), 

aa+fi =A/j-i-Af3+A/3, 
flP-j-A = Afj — A/g—A/j, 
ay d-A = — Afid-Afo—Af^, 
flS-! A = —it/j—AL-hA/a. 


(3) 
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These relations give the roots of the biquadratic in 
terms of the roots ol the reducing cubic. 

Note. Since two values 

each of i\/j, Mg and Mg. In fact eight combinations can be 
obtained with ±Mi±M 2 ±M^. However, fiom (3), we get 
.V/jA/ 2 Af 3 = ^fl=*(ra^ — 2 X 0 ^'/), which can be shown 
to be equal to —— 3abc-\-2b^), i.c. —iG. Hence only 
four of the combinations will be admissible. 


13*7. Solution by Radicals. Let the biquadratic 
equation be 

r4/».\^ + CfA“ ■i-4dv-T tf=0. ... (1) 

Removing tlte second term and multiplying the roots 
bv a to avoid fractions, the equation may be tianslormcd to 

... ( 2 ) 


4G;;- a”/-3//‘=0, . . . 

wln rc Z=a.\ \ h and, as can be easily verified, 

H~ac-b~y C =a^d— 3abc~2b^^ /=(7t—46^+3c=. 

To solve this assume that the root is ol the form 

Z — ... (3) 

Squaring this, we get 

i'—p — ^ 2 (V/’V*7"1 V?V^ "i \f\P) ■ 

Squaring it again and simplifying, we obtain 

Z^-2{p -r? ^r,::^—^Z^/p^/qy/T-\■{p-rq-^rr—^{P•i^^^^’'P)=^' 

C’.ompariiig this with (2>, wc get 
p-{-q r-r-^- ‘3H,pq-t-qf-\ ip=31i'— \a~Py/p^/‘q^^r~ — lG. 
Hence py 5 , r are the roots ol the equation 

-h -r C3H- - laHj t - iG -= 0 , 
which may be written in the form 




hen’ 


'-ace ■■ 'Ibcd—ad- —eft- —c^ = 


a 

b 


b 

c 

d 


c 

d 

e 
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Putting I =^d^6, ^vc may write (4) as 

Aa^6^~Iae^J=0. , . . (5) 

On solving this equation we get tlirce values of 6, which 
give three values for and these arc respectively the values 
o{p, q and r. Substitution in (3) then gives the roots. 

Note. Equation (5) is the reducing cubic obtained in 
§ 13*6. Since we have supposed that p, r are the roots of the 
equation (4) in /, and also that so the roots 6^, 

^ 2 > ^8 of (5) will be equal to (p-\-H) {q-\-H)lary {r-\-H)la-. 
It may be verified that r are identical with Kf^-y 

Afj® of the preceding article. 

As before, there Avould be eight combinations of ^^p-^- 
on taking either sign ^vith a root; but onl)’ those 
combinations should be taken for \\'hicb 

\/p\/qy/i— — \G. 


Rx.\mi'i,f.s on Chapter XIII 


Solve the equations. 



1. 

a3-12a—8=^0. 



2. 

a-3- 6x-4=0. 



3. 

.v3-]5a—126--0. 

[Alla/uibady 

1960] 

4. 

.x^-\nx -35=0. 


$ 

T). 

8x^-\2'i.v-G3 = i}. 



0. 

at5-G.\2-[ 1 - 0. 



7. 

2a\='—9.VH-1 =0. 

{Kashmir, 

1953] 

8. 

2a3-1-3a^ b3A-r U-0. 

{Aligarh, 

1960] 

f). 

A^*—.r2-3A- + 6=(). 



10, 

A=* ! 6.v2 y3A--l-2=0. 



11. 

A-^-! 6.vM 8 a--I 21 ^0. 



12. 

12a-5=0. 

[1. A. S., 

1955] 

13. 

.T^-i !1 a=4-10a- i-50 --0. 

\/ia floras, 

1954] 

14. 

x*A 4a 3 1 av24-7A4 4-0. 



15. 

6xM 12 a*-20x-I2-^0. 



16 

I’BA 
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16. Find the limits to the values of c such that 
,v3 —3x-|-c=0 may have all its roots real. [Madras, 1954] 

17. Discuss the nature of the roots of the equation 

.v3-i-6.v2-f9A- + 4=0. 

[Hint. Find the equation of squared dilfcrcnces first.] 
10. Show that the two biquadratic equations 

have the same reducing cubic. 

19. AVhen a biquadratic has Uvo equal roots, show that 
its reducing cubic has two equal roots, and conversely. 

20. When the roots of the biquadratic arc all real, or all 
imaginary, show that the roots of the reducing cubic arc all 
real; and that when the biquadratic has two real and two 
imaginary roots, the reducing cubic has two imaginarx’ roots. 


% 


CHAPTER XIV 


NUMERICAL SOLUTION OF EQUATIONS 


14'1. Numerical Equations. We shall now 
consider practical metliods for the determination 
of the reaJ roots of equations in which the coeffi¬ 
cients are given numbers instead of letters. The 
roots may be integers, fractions or irrational 
numbers. The roots which arc integers can 
generally be quickly found by trial. 

The fractional roots ma>- be changed to integers 
by multiplying the roots of the given equation by 
a suitable integer. In this connection the follow¬ 
ing theorem is useful 

An equation in which the coefficient of the first term 
is unity, and the other coefficients are integers {positive or 
negative), cannot have a fractional root {but it may have 
irrational roots). 

If possible Icl one root of the equation 

... 0 . 

^vllcrc /'i./Jg, arc integers, be a[h, and suppose tliat ajb is a 
fraction in its lowest terms. 


Since rt/A 


is a root, we must have 



Multiplying by and transposing, \vc get 

Now the left-hand side of this is a fraction (since by Itypolh- 
esis a is not divisible by A); while the right-hand side is an 
integer, wliich is impossible. Hence the proposition. 
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U an equation contains tractional cocffiucnts when lUc 
coefficient of the fust term is made unity by the 

roots of the equation can be multiplied bv a suitable number, 
so that the coefficients in the transformed equation are mte- 
•Tcrs Thus the determination of the fractional roots ol a 
Siven equation can be reduced to the determination of the 
integer roots of a transformed equation. 

Remove the fractional coefficients from the equation 

X* — I -hiV* T ^oc 

liy multiplying its roots by a suital>lc number. 


The given equation is 


A*- 


2.3 




13 

2*.3*.5- 



If wc multiply the roots by /;, the successive coefficients 
after the first will have to be multiplied by A*, ^ , A: , 

(§ 12-12)• Hcncc, choosing k to be equal to z Xa Xo, t.e. .lu, 

\vi 11 suffice. 

Multiplying the roots of the given equation by 30, the 
transformed equation becomes 

.T'-25A®4*37.5.r2- 11700-0. 


14-2. Limits of the roots of equations. In 

order to reduce the labour invohed in sctU'ching 
for roots, it is necessary to be able to obtain ^me 
number which possesses tlie property that all me 
positi\ c roots of the equation under consideration 
arc less than it. Such a number is called a superior 
limit of tlie positive roots. The smaller the .superior 

limit is, the better. 

Similarly, a superior limit of Uie negative roots 
is a negative number numerically greater than all 
the negati\'C roots. 

There are special propositions ^vhich enable 
superior limits to be found, but a little practice and 
llie application of commonsense would enable the 
student to find a suitable superior limit by merely 
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grouping the teims, as the foilo^ving examples ^vill 

show. 

Ex. 1. Find a superior limit of the positive roots of the 
equation „„ ^ 

40x‘-Sx-V23=0. 

The equation can be written as 

;<’(A:-5)-i-8.v(5.v-l)+23=0. 

The value *=5 will make tl>e first term zero and any 
greater value of -r will make it positive. 5 of a 

or any greater value trill make the second tenn 
ThtZnd term is already positive. Thus .v = 5 -d all greater 
numbers will make f{x) positive. So there ^ “ 

root greater than 5. Hence 5 is a superior limit of the 

positive roots. 

re 7 6}, or any similar number may aJso be called a 
supcL W but 5 is better than these, Again substa¬ 
tion will show that 4 is also a superior 
better limit than even 5. Thus there cannot beany 

superior limit.] , 

Ex. 2. Find superior limits of the positive and negative 

roots of the equation 

x*-2x»-13x= + 38x-24=-0. 

The equation can be written as 

The fust term is zero for x;=5 while the other tern^ arc 
positive. Thus the left-hand side is positixc for x^5. 
Hence 5 is a superior limil of the positive roots. 

Changing x U. -x. wc get the equation 
^ **.^2x3 —13x* —38x—24=0, 

x^x*-13) -l-2x(x*-22) +6fx-4) =0. 

Wc see that the left-hand side is positive for x>5. llms 
5 is a superior limit of the positive roots of equation (2). 
Hence -5 is a superior limit of the negative roots of the 

original equation. 

rinstcad of (1), we could have arranged the given equa¬ 
tion as x»(x-3) +x*C*-13) +(38x-24) =0, 


( 2 ) 
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which indicates that 13 is a superior limit of the positive 
roots. But (1) is a better arrangement as it gives a smaller 
superior limit.] 

14*3, Integer roots. The following proce¬ 
dure will be found convenient when solving a 
given equation f{x) =0. 

First find tlie multiple roots of the equation 
(§ 11*7) and divide out f{x) by the factors (.r—a)'... 
corresponding to the multiple roots. 

In the new equation obtained, make the coeffi¬ 
cient of the first term unity, and the other coefficients 
integers (§ 14T). Then the last term (i.e., the 
absolute term) in the transfonned equation must 
numerically be equal to the product of the roots of 
this equation. Hence every integer root must be 
a factor of the last term. Our choice for the 
positive roots is thus restricted to all the factors 
of tlic absolute term \vhich are less than the superior 
limit. If a, /3, y, ... arc possible values of the roots, 
wc should next find Avhich of these satisfy tlte given 
equation upon actual substitution, and tlius finally 
find the roots. Also, ^ve can find the negative roots 
by considering the positive roots of f{ — x)—0. 

Having thus obtained all the rational roots, 
we can obtain the irrational roots by Newton’s or 
Horner’s method, as explained below. The loca¬ 
tion of these roots may first be obtained by trial by 
an application of § ll*3(f). If necessary, Stuim’s 
tlicorem can be applied to obtain die number and 
location of the rei roots. 

14*31. Method of jDivisors. Il' a is a root of an equa- 
i ion/(.v) =0, then x~a is a factor of/(.v), i.c., .r—a will divide 
J\x) completely. When testing for possible values of integer 
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roots, it is, in general, more convenient to divide /(x) by 
x-a than to evaluate/(a). If the division iscarried out in 

the reverse order, i.e., if V' 

is divided by a—x, the work is shortened since it can be 
stopped as soon as fractional cocflicients start appealing 
in the division. A fractional coefficient indicates that the 
divisor in question docs not divide/(x) completely, as may 
be easily verified by carr>dng out the division lUl the end. 

Ex Find the integer roots of the equation 

.^4_2.v3-13.v2+38x-24=0. 

Bv grouping the terms we see (Ex. 2, § 14*2) that all the 
roots lie between -5 and 5. Since the product of the roots 
is 24, the following are the possible integer roots : 

_4, -3, -2, -1, 1.2, 3, 4. 

We start with 4. Dividing —24-l-38x —13x®—2.\^-fx* 
by 4 —X, we get 

^ ^ _94 38 -13 -2 1 

-G 8 

32 —3 

Explanation. Here the division has been pul down in 
two lines, and only the coefficients of the terms are written. 
(The student can verify these by long division), rhccoelli- 
cicnls in/(x) are written in the first line. Dividing —24 
bv 4 we gel - 6. This is written below the next eocfficicnt 
and added. The sum 32 is again divided by 4 and the 
quotient written below the next figure. The sum —5 is not 
divisible by 4. So 4 is not a root and the operation is stopped. 

Wc now divide/(x) by 3—x. We get 
-24 38 -13 —2 1 

-8 10 ^ —I 

30 -3 —3 0 

So/(x) is completely divisible by 3—x, giving the quotient 
—8-f lOx—x^—X®. Hence 3 is a root. ^ 

Now we proceed to find the roots of 8 —iOx rx-n-x —0. 
We divide it by 2—x as follows : 

8 -10 1 I 

4 -3 -I 

-G -2 b 
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So 2 is also a root. The remaining factor is 4--3.X—.v*, i.e., 
(4+.r}(l-x). 

Hence the roots arc 4, 2, i and —4. 


14*4. Newton’s method of approxima¬ 
tion,* Suppose that one root of the equation 
f{^x) =0 is nearly equal to a. 

[^Ve can find a by trial : for example if/(a) and/(/i'f 1) 
are of opposite signs, the root lies between a and « .J 

Let tlie correct value of the I'oot be a -'rV. 


Then i f(a - _y) ~0. . . . (1) 

But, as we can find by actual substitution 
(§ 11’b), or by Taylor’s Theorem of the Differential 
Calculus, 


/(^ /i^) f higher powers cTj’. f^2) 

Since a is an approximate value of tlic root, 

V is small. So the second and higher po\vcrs of 

V will be much smaller. Xcglecting them, we see 
tliat approximateh 

f a) ' yf'{a)=i), hv I'l) and (2), 

or -f(a)/f'(a). 

This dctcnuines j', A\hich added to a gives a 
better value of the root. 


Taking ii-i-.V the ucav appioxiniate \alue of the root, 
the above process can be repeated to find a still better value 
of the rout, and so on. 


Note. We can obtain /(a) and l^y division :f{o) i-' 
the remainder obtained on tUviding/nv) by .v—e; and/'l^rz' 


♦Named after Isaac Newton ’1642-1727), the great 
English mathematician, who invented the calculus and dis- 
c(.)\cied the famous law of gravitation. The- method given 
he re is die modification (>riginallv ‘ilN i n b\' Joseph Raphsou 
(^1018-1713;. 



Horner’s method 


245 


is the remainder obtained on dividing the quoliciU of the 
first division again by x — a. (See §§ ll*21, 11 bj. 

Ex. Find to two decimal places by Newton’s mctliod 
of approximation the root of 

x^-\-x^^x-\00==0, 

which is approximately equal to 4. 

Here f'i^) 2x4-1. 

So/'(4) =57. Also /(4)=-16. 

Therefore, if the root required is 44^, 

^*=4-16/57 nearly =0*3. 

Hence the root is approximately equal to 4 3. 

Now /'(4-3) =65-1 and/(4-3)=2-3; 

so the new correction = —2'3/65‘l =~0 036. 

Hence a better value of the root=4*3-0 036=4-264. 

14*5 Horner’s method. Newton’s method 
becomes very tedious after the second or third ap 
proximation. Horner’s method is also a method 
of successive approximations, but the a nr m 
volved is comparatively small. The essence of 
the method is the diminution of the roots l>>^he 
successive digits occurring in the value of the root. 

For example, suppose that the required root is 

4-2644 The first step will be to determine b> 
trial the first figure 4 in the wot and then the roots 
of the equation will be diminished by this number 4. 
The roots of the transformed equation are next 
multinlicd by 10 in order to avoid decimals. A 
SS this li^w equation will be 2-644. The first 
fiKurc 2 of tliis root is now determined, and coires- 
pondingly the roots of the equation are diminished 
bv 2 The roots of the resulting equation arc again 
multiplied by 10. The first figure G of the nevv 
root is next detennined and tlie roots are diminished 
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by 6; and so on. The root of the original equation 
can thus be determined to any desired degree of 
accuracy figure by figure. 

The only difficulty which the student will find 
at every stage is to estimate what the next figure m 
the root is. The first two or three digits are found 
by ti'ial and enor. After that the coefficients m 
the transformed equation itself suggest what the 
next digit is likely to be. These points are ex¬ 
plained in the worked out example below. 

Ex. Find the positive root of the equation 

.v^ -v-100=0, 

coned to four decimal places.* [Allohabad, 1960] 

13y Descartes’ rule of signs tve see that there can be only 
one positive root. 

Bv trial we find that/(4) is negative and /(5) is positive, 
where/(.v) denotes the left-hand side ol the given equation. 
Hence the root lies between 4 and 5. 

Applying Horner’s method, wc see that the required 
root is 

V-2644. 

The work is shown on the next page. 

Explanation. In the first line wc write down the 
coefficients of the given equation, and, after the s^mboM, 
the integral part of the root, viz. 4. Diminish the roots by 4. 
fin other problems the integral part might invplyc U\o or 
more figures. In such cases also wc would diminish the 
roots by the whole of the integral part.] 

The transformed equation, by § 12-14, is 

.r^-rlSx" ■r57.v-16=0. 

We draw a zig-zag line just above the set of figures 
j 3 ^ 57 ^ —16, viz., the coefficients of the terms in the new 

equation. 

♦From Burnside and Pariton, Theory- of Equations, p. 231. 
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Next we multiply the roots by 10, for which it is only 
neccss 3 rv to 2 idd one zero <it the end of the coefficient of 
the second tci*m, two zeros at the end of the coefficient of the 
third term, and so on. We thus get the equation 

.v3 i 130.v2-f5700.v-16000==0. ... (1) 


1 

4 

5 
4 

9 

4 


130 

2 

132 

2 


134 

2 


1360 

6 

1366 

G 

1372 

6 


13780 

4 

13784 

4 ' 

13788 

4 

13792 


1 

20 


21 

36 


5700 

264 

5964 

268 


623200 

8196 

631396 

8232 


63962800 

55136 

64017936 

55152 

64073088 


100 

84 

-16000 

11928 


(4.2644 


—4072000 

3788376 

—283624000 

256071744 


-27552256 


One root of this equation must lie between 0 and 9, on 
account of the way in which it has been formed. 

I^ct ^(.v)=x3.i.i30;c»-1-5700x-16000. 

Tlicn ^'(x) —3*2+2 X 130x+5700. 

Thus ^(0) = -16000, ^'(0)=D700. 
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Therefore, by Newton’s mctliod of approximation, the 

correction to the value 0 of the root of (1) is 

+ 16000/5700, ... (2) 

which is 2 decimal something. Hence the f '^hich 

is required probably lies between 2 and 3. Wc shall, there¬ 
fore, diminish the roots by 2. 

Now, if our guess is wrong, i-c., if the approximation 
given by Newton’s method is not very good, and we dimi¬ 
nish the roots by a number which is too la^c, 
the transformed equation will be negative. Thus il I is 
tlic correct value of the positive root of (1), and we diminnh 
the roots of (1) by 3, there will be no positive root in the 
transformed equation. This will be indicated by 
tenn becoming positive; for then, by Descartes 
equation can have no positive root. Hence the roots o { 
should be diminished by the highest number which will not change 
the sign of the absolute lerin. 

If wc diminish the root by a number ^vhich is too smah, 

the error will become manifest by the next suggested digit in 

the root being greater than 9. . , 

The third and fourth transformations have been carrico 

out in the same way. , . , , ^ 

'fhe last figure in i)ic root has been found ; 

seeing wlial the first figure will be in the root of the cqua 
olitaincd after the fourth transformation. 

Note. ^Ve sec from (2) Uuu after every transformation 
the next digit in the root can be estimated by ^’'7^ 
absolute tenn (with its sign changed) by the coefficien 

previous tci-m. , , . ....-Uten 

If any digit in the root is zero, a zero should acain 

there and the cocfhcicnts should be multiplied b> . ^ 

]jy writing down one, livo, ... zeros in the second, > 
cocfTicicnts, 

Horner’s iiiclhud will readily give fractional roots also. 

14-51. Contraction of Horner’s Method. H wc 

have to find the mol of an equation to seven or eight decimal 
places by the above method, the coefiicients become vcr>- 
l.u'^e and the luclhod becomes cumbcrsunir. This can be 
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avoided by contracting tiic clivision after a tain 
Instead, of adding a /xro at the end ol the coeffieient of l e 
second term, Uvo zeros at the end of the eoeffic.cnt of tlic 
-third term, etc., we strike off the last digit from tiie eoefTicient 
of X, last two digits from the eoemcicnt ol .v, and so on. 

The result of this is to multiply the roots by 10 and at the 
same time neglect those figures which 

little effect in the evaluation of the root. The method is 
illustrated in the worked out example below. 


Ex. Find the positive root of the equation 

x"*-! x-d x-100=-0, 

correct to nine decimal places. 

The first four transformations of tins equation will be 
carried out exactly in the same way as on page 247, giving 
the root 4*264 to three decimal places. \\e start belou 
with the cocflicicnts after the fourth transformation, and 

begin contracting at this stage. 


1 


I37f)2 




64073083 

552 

6407060 

552 

6408412 

3 


^27552256 (4*264,4299732 
25631440 
■■ — 1920816 
1281688 
-639128 
576762 


640844 

3 

'640847 

6408 ^ 

6403__ 

640 

6<f 


— 6:^300 

57676 

—4690 

4486 

1 -204 

192 
— 12 


The reejuired root is 4*2644 29973. 

Note, (i) While the cancelled figures arc not kept in 
the products, the carry over due to them has been added. 
In the first transformation, for example, 137*9 x4—551 *6, 
so 552 has been added to the third cocflicieiil instead ol 
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137 >'4 i C. 448, This ensures greater accuracy with Utile 
extra ikbour. Thus, if the carry over was disregarded we 
would get 8 in the tenth decimal place instead of 2 which 
get above. The correct figure is 1. 

(ii) We sec that after two contracted transformations, 
the method simply reduces to contracted division. 

(iii) Before starting the contraction the coefTiciciil of a- 
!iad' eight digits. This gave us by the contraction method 
seven more decimal places in the root. Ihe last of these is 
in error. So, in general, we should start the contraction 
process w'hen the coefTtcient of x contains two more digits 
titan the number of remaining decimal places required in 

llie root. 


UxAMri-F-s ox Chapter XI\’ 

Transform into an equation uitli integral coefTicicnls. 
and the coelhcieni of the first term unity: 

1, 3.vt-4.x^ , 4.v2 2.V ; l-t». 

2. 




2S —0 

3GOO ' • 


By grouping the terms find upper hniiis to liie positur 
aiul negative roots of 


4. 

•x'- 

2.v3 ; 3.x2- 

— 5a ■ 1 " 

■0. 


5, 

.X* - 


: 2a' - 3 - 

0. 


G. 


3v> !-a3- 

av-~5iA 

-! 18 

= 0. 

7. 


2.V-- 

4a -24 

0. 


Fin 

d till 

p rational 

roots of 



n. 

.X-" - 

9.x- 1-22 a' 

-24-- 0. 



0. 


- 2 a--6a 

: 4- (1. 



10. 

A*4 

2a-=>-7a- 

-8a-t 12 



11. 


■9.v^ rl’-^A 

2-80a--- 

192-'^ 

(t. 

12. 

G.x* 

CO 

— 7a . 3 

=0. 


13. 

25.x 

♦-VOa-* — 

12Ga- i-414.x - 

243 


\U0;al, 1952] 
[I.A.S., 196U] 
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14. Apply Newton’s method of divlsiois to find t!u- 

integci' roots of 

3.v4 _23 .v® -f 35.V2-:- 31 .r ~ 30=0. 

{Delhi {Hons:\, 1950] 

15. SoKx :-14.vM5-0. {Gujarat, 1959] 

16. Solve the equation 

.X ^ -'r O.v^ -l-9.v2 _ _ 10 ^0. {Banatas, 1953] 

17. Find by Newton’s method the real root of 

.v3—2.V — 5 =0. {Aligarh, 1949] 

18. Find by Newton’s method the real root of.x®—4—0. 

19. Find by Newton’s method the positive root of 

9.v3_3.y—6 = 0 

to four significant figures. {Aligarh. 1950] 

20. Find by Horner’s method the real root of 

;t3_^,v_7 = 0 

correct to two decimal places, {Rangoon, 1950] 

21. Find by Horner’s method ilie positive root of the 
equation x®—6.v —13 = 0 to lour places of decimals 

^ {Allahabad, 1959] 

22. Obtain by Horner’s method the root of the equation 

4.v3~-13.v--=-31.v- -275=0 

which lies bcixvcen 6 and 7. [Aligarh, 1953] 

23. Find the positive rorit of the equation 

a 3—2v= -5=0 

correct to four places of decimals. {Lucknow, 1959] 

24. Find to 5 decimal jdaccs the root of the equation 

X*—12x4-7=0 which lies between 2 and 3, [/. A. S., 1959] 

25. Prove that one root of the equation 

x*-7x2-| 18.v-8=0 

lies between 0 and I. Find this root to four places oj 
pscimals. {Lucknow, 1953] 
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{5.7.9... (2«45)/6,8 ... C2n+4)}-5. 

{4.7. 10... (3n44'l/2.5.8... (3n+2)}—2. 


Paces 178-183 

2>^3-l. 5. -• -l-(-l)"2{H-i+i+.-. 

+ l/(n —I)}jf"/n-f-... . 

10/9(x-i 2)-4,3 (;c-i-2;*-(x44)/9C*»+2^ 

24/(.x-2‘.«4 12/(;t-2)346/(x-2)»41/(x-2)-l/(x + l). 
l/4(.v-I)-(x-i-i;,;4(x*4l)-(:t-!)/2(A= + l)*. 

1-t-Za^. '« — h'}{a~-c){x — a). 

A=x,B--x \ 1. 27. (6c+l)/(fl6 + l). 

2{(3+4l3)"-(3~-v/l3)"}/{(3+-v/13)"'*‘^-C3-V13)"'^‘}. 

185,96. 30. Divergent. 

ConvejL;cni. 32. Convergent. 

OsciLlaioiv. 

* 

Convergent il .x< 1, diveigeut il . 

Convergent il AC; 1, divergent if xC> 1. When x=l» 
convergent if b'^a-{d and divergent if h^a-^d. 
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36. 

37. 
40. 
45. 


Convergent if jc 1, divergent if *> 1 • 
Convergent if *<!/<, divergentif x^\le 


0 

c 

b 


b 

a 

0 


c 

0 

a 




46. 

x=l,^ = -2, « 

=3. 




47. 

x==k{k-c){k-b)la{a 

—c){a~b), etc. 


50. 

2-3(S)"+V(n + *)* 






Pages 194-195 



1. 

3x»+4x*+22x-|-77, 

170. 


-1, 

2. 


16x+32, -61. 

3. 

4. 

-1-5232. 





6. 

Zx^+lx^-\\x- 

-15 = 

=0. 

8. 


7. 

** + 5*®-22x- 

-10 = 

0. 

1, 3 

9. 

2, 



10. 

-s 



Pages 199-200 



1. 

2,2, -1. 

2. 

1,3, 5. 


3. 

4. 

6.2, i. 

5. 

1, h 


6. 

7. 

2, -1, -S- 

8. 

-2, 3.4. 


9. 

10. 

—qfr. 

11. 

-p^^Zpq- 

-3r. 

12. 

13. 

pqfr — ’i. 

14. 

r—pq. 


15. 




Page 202 



1. 

3. 

-h -i> -§• 

1,1,1, -3. 


2. 

4. 

2,2. 

1,1. 

-1, 
2. 3. 

5. 

i, i, i» 





6. 

—2, (l±*V3)/2, (ld:*V3)/2- 

10. 


7. 

G»+4H*=0. 


10. 


11. 

123. 


12. 

5cdla^. 


4. 


,5,7. 

, —i» 2±\/5‘ 


-1.2, 5. 

-2. 3, 6. 
±\/3. i±*V6. 

q^-2pr. 

pr—As. 


-3. 
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Pages 206-207 

1. One real root between 2 and 3. 

2. Two roots between —1,0; and one between 2, 3. 

3. Two real roots in the interv^als —1,0 and 1, 2. 

4. All roots real; one each in intervals —3, —2; —1, 0;. 
and two in the interval 2, 3. 

5* One real triple root and a real positive root. 

6. Two real positive roots and two imaginary roots. 

7, Four imaginary and one real negative root. 

Pages 210-211 

1. One positive, one negative and two imaginary roots. 

2. One positive, one negative and two imaginary’ roots- 


4 . -1+^2, -Ii\/(-l). 

5. 

-2, 1,4. 

6. -3, 7, 9. 

7. 

-4, -1,2.5. 

8. (3±V3)/2,(-l+V5)/2. 

9. 

-2, (1±V15)/2. 

10. 4,2.|. 

11. 

1, 1,2.2, -3. 

14. a^d+2h^~iahc. 

16. 

3r— pq. 

17. 5,43. 

18. 

5. 


P.^GES 221-223. 


1 . 

3. 

5. 

6 . 
8 . 

10 . 

11 . 

13. 

15. 

17. 


*’-r3x6+.v“-h.t-+7.r-2=0. 2. .v^ r6.v*-36.v-}-27=0. 

x«-x3+6.v2-6.¥-4 =0. 4. .v3.{-.vr3^0. 

x® +15x«+97.v3+332x2 ^ 538 ^ ^434 

x3-8x2+19x-15^U. 7. 15=0. 

x*-24x= + 65x-55 =0. 9. x*-4Aa + 1 =0. 

x«+8.X® — 11 lx -196=0, or x* -8.\-»+17x—8 =0. 


;e3+33.t*+12x+8=0^ 

x(rx+9)*ji=V.- 



rx»+9(l-i;)x2+(lw)3=0^ 


.r^+^x—r=0. 

r.v® + 5*v2 _2qrx-{-r^=0- 

#x*-?x2-l=.0. 
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18. x^-2qx^-^{q‘^-^pr)x-\-r{T~pq) =0. 

19. {pq—r)x^ — {p^—2pq-\-^r)x^-]r{pg — 'ir)x—T^0. 

20 . r^x^-^pT{r—\)x^+q{r—\Yx-\.(r—\)^={i. 

21. 3:c3 —llx2-(-9.t—2=0. 

23. 1, (—7±i3V3)/2. 24. .v3-42;c-'+44Ix-400=0. 

25. x*-30a-24-225x- 68=0. 26. 2. i,i, 

27. 3±2-v/ 2,2±\/3- 28. ~l, 2±V3, (ldbiV*3)/4. 

29. 1,2, 1,2±\/3. 30. ±1,2, i, (5zb*Vll)/6. 

31. i{34-V3±iV(I0+2V3)}, i{3-V5±^V(10-2V5)}. 

32. 16.x^4-24x3+4Ax2+24x+ 16=0; 2, 2, (l±iV13)/2. 


Pages 237-238. 


1. 

4 cos 20°, 4 cos 140°, 4 cos 260°. 


2. 

2\/2 cos 15°, 2\/2 cos 

135°, 2v2 

! cos 255\ 

3. 

6, -3ii2-v/3. 

4. 

5, K—3itV3). 

5. 

K-3±i5V3). 

6. 

-4> i(3±V3). 

7. 

-i. ^(2iV3). 

8. 

-i,(-li^V3)/2. 

9. 

-2, K3W3). 

10. 

-2-/^V3-*^V9, 




where /; = l,a>,a>*. 

11. 

liiVe, -1±*V2. 

12. 

-1±V2, Iili2/. 

13. 

l±3i, —li2i. 

14 

J(-ldi/V3).i(-3dbiV7) 

15. 


16. 

-2<r<2. 

17. 

Two equal roots. 




Pages 250-251. 


1 . 

2 . 

3. 

4. 
6 . 
8 . 

10 . 


—18x4-27=0. 


;t4_8^_275x2 4-2790x4-5175=0. 

2, 0. 5. 3, -2. 

3, —5. 7. 4, —2. 

6. 9. §. 

1,2, -2, -3. 11. -4,-4, 


-4,3 


J 
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12. 

h 8. 

13- 1.3. 

14. 

3, 5, -I. 

15. —1, —3, 1±2i, 

16. 

1, -1,4±V6. 

17. 2*0946. 

18. 

1-3195. 

19. 1-784. 

20. 

2*59. 

21. 3*1768. 

22. 

6-25. 

23. 2*6907. 

24. 

2-04728. 

25. 0*5616. 


I 



